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INTRODUCTION
Research Objectives

Mathematical modeling of dynamic systems requires a balance between the
opposing factors of model complexity and computational feasibility. To properly
predict system behavior, appropriate system complexities must be included in the
model. Paradoxically, increased model complexity increases computational re-
quirements and user demands. This paradox is relevant to parametric investigation
and becomes extremely crucial in parametric optimization. Because of the iterative
nature of parametric optimization, a small increase in model complexity can lead to a
large increase in computational demand.

From an optimization standpoint, increased model complexity can be accom-
modated by decreasing the number of model evaluations required. Therefore,
optimization efficiency can be measured in terms of the number of model evaluations
required to achieve an optimum. Recent advances of numerical methods for discrete
parametric optimization provide dramatic increases in efficiency and reliability. In
particular, variable metric sequential quadratic programming has proven to be a
particularly successful method for discrete parametric r.ptimization of nonlinear
systems. The application of these new variable metric sequential quadratic program-
ming algorithms to distributed parameter nonlinear dynamic systems is expected to
yield considerable increases of optimization efficiency.

Shaped charge liner collapse and jet formation is a distributed parameter
dynamic system that exemplifies the opposing factors of model complexity and
computational feasibility. Two major approaches were taken to the problem of
modeling shaped charges. These two approaches are commonly known as con-
tinuum modeling and analytic modeling. The first approach involves the direct
integration of the conservation equations and is extremely computationally intensive.
In the second method mathematical models of separate portions of the liner collapse
and jet formation are pieced together to form one final model. This second method is
much less computationally intensive, but current analytical models relay on many
empirical relationships and do not incorporate constitutive relationships for the various
materials. To predict shaped charge characteristics over a broader range of materials
and geometries, a more fundamental analytical model was developed.

The research concentrates on the modeling and optimization of shaped charge
liner collapse and jet formation. The research objectives are:

. Provide an improved analytical model of shaped charge liner collapse
and subsequent jet formation.




. Provide a state of .o 2 vaniable metric nonlinear optimization
program apgpropnate for the direet dorroos o parameter optimization.

. Invaistigate the direct < sinouted parameter optimization of nonlinear
dynamic systems using variable metric nonlinear programming. This investigation
was done using the shaped charge analytcal model and the state-of-the-art variable
metric nonlinear optimization program

Significance and Justitication

Primary motivaticn for tnis rasearch project comes from the desire to overcome
the impracticalities of distributed parameter nonlinear dynamic systems numerical
optimization of shaped charge systems. Currently, such systems are commonly
optimized manually using mathematical madels or through experimentation. The
ability to perform practical numerical optimization on such systems should yield better
designs, reduce design time and associated cost, as well as providing a larger variety
of design choices. This research demo .strates that both the modeling methodology
and the optimization methodology should complement each other to achieve practical
distributed parameter nonlinear dynamic system optimization.

Further justification for the research lies in the benefits of an improved analytical
shaped charge liner collapse and jet formation model. The inclusion of constitutive
relationships for the various materials, as well as a more fundamental approach,
should yield more generally applicable shaped charge predictions. Therefore, shaped
charge parametric investigations can be performed over a broader range of materials
and geometries.

Physical Description

The term “shaped charge” refers to a high explosive charge with a lined cavity.
The liner is typically a hollow metal cone or wedge. The high explosive charge is used
to collapse the liner in such a way that a high velocity jet is produced from the collapse
point. This jet typically stretches to several times its original length before it breaks up
into small particles. An illustration of the liner collapse and jetting process is presen-
ted in figures 1 and 2. The shaped charge is useful for many applications because of
its penetration capability. Armor piercing conventional weapons applications have
traditionally provided much of the impetus for the research and development of the
shaped charge (ref 1). Shaped charges find use in many industrial applications
including wellbore perforation, underwater trenching and demolition, and mining (rets
2 and 3). Any situation where cutting cr perforation in a precise and directed manner
is essential may be appropriate for shaped charge application.




Shaped Charge Modeling

Typically, two approaches were taken to the problem of modeling shaped
charges. The first approach involves the use of finite element or finite difference
programs which directly integrate the conservation equations to compute a continuum
solution of the explosive detonation, shaped charge liner collapse, and jet formation
(ref 1). This approach has the advantage of allowing the analyst to apply many of the
known physical properties of different materials and explosives in the modeling
scheme. Equation-of-state properties and material strength eftects are taken into
account. The disadvantage is that a single computation requires a great deal of
computer time and memory. The computations involve explosive detonation, as well
as extremely high strain and strain rates in the jetting region, normally requiring the
addition of numerical artifices to ensure stable numerical solutions. In addition, the
preparation of every computer run requires considerable user time and effort.
Parametric investigation can be impractical and economically unacceptable. A
continuum solution of the Ballistic Research Laboratory (BRL) 81-mm precision
shaped charge using the dynamic arbitrary Lagrange Eulerian (ALE) program CALE
(ref 4) is presented in figure 3. This calculation took approximately 7 hr on a high
performance Silicon Graphics 4D computer work station.

A second approach abandons the idea of directly integrating the conservation
equations. Instead, mathematical models describing separate portions of the liner
collapse and jet formation are pieced together. The first attempt of this type appears to
be the work of Pugh, Eichelberger, and Rostoker (ref 5) who applied the basic jetting
theory of Birkhoff, MacDougalil, Pugh, and Taylor (ref 6) to the nonsteady collapse
phenomena. The resulting formulation is commonly known as the P-E-R jet formation
theory (ref 7). The same basic conceptual approach was used in almost all analytical
shaped charge models to date. The major impetus has been toward a better un-
derstanding and modeling of various processes of the shaped charge phenomena.
None the less, current analytical models rely on many empirical fits and do not
incorporate constitutive relationships for the various materials (explosive, liner, and
confinement) (ref 7). In addition, detailed shock wave propagation, wave interactions,
and all other related shock physics are not included in analytical models.
However, this method has the obv >us advantage of requiring much less computer
time and memory, as well as greatly reduced user etfort. Thus, parametric inves-
tigation becomes both practical and economiically feasible.

Parametric Optimization

From the ability to perform parametric investigation, the question of parametric
optimization naturally arises. Analytical shaped charge models are distributed
parameter nonlinear dynamic systems. Optimization of distributed parameter systems
has traditionally been very difficult (ref 8). Nonlinear dynamic system behavior adds




more complication to an already difficult optimization problem. Within the last two
decaceas, there has been a dramatic increase in the efficiency and reliability of
optimization methods for almost all discrete parameter problem categories (ref 9).
Improvements of discrete nonlinear parametric optimization methods were primarily
based on the rigorous application of optimization theory, as well as increased use of
numerically stable linear algebraic methods (ref 10). In particular, variable metric
sequential quadratic programming has proven to be a particularly successful method
for discrete parametric optimization of nonlinear systems (ref 11). This method
successively minimizes a quadratic subproblem with linearized constraints. The
quadratic cost function matrix (variable metric matrix) is updated for each quadratic
subproblem. Currently, the most widely accepted variable metric matrix update is the
Broyden, Fletcher, Goldfarb, and Shanno (BFGS) update (refs 10 and 12). The
application of a BFCS variable metric sequential quacratic programming algorithm to
distributed parameter nonlinear dynamic systems should contribute significantly to the
technology base.

Shaped Charge Optimization

Currently, shaped charge design is accomplished through manual iterations
using mathematical models and experimentation. This manual process can be
extremely time consuming and expensive. The application of parametric numerical
optimization to shaped charge modeling should prove to be a valuable contribution to
shaped charge technology.

SHAPED CHARGE MODELING
Technical Background
Technical Description

Explosive devices with lined cavities are generally divided into three
categories: explosively formed penetrators (EFP), hemispherical shaped charges
(Hemi), and conical shaped charges (shaped charge). An EFP consists of a shallow
metal plate that is explosively launched. The metal plate is designed to subsequently
fold into a penetrator geometry during flight. A Hemi consists of a hemispherical metal
liner that is explosively launched and imploded into a penetrator geometry through a
squashing process. The term shaped charge is used to designate devices that induce
severe liner jetting; whereas, the other categories characterize less severe forms of
liner distortion. The idealized phenomena of shaped charge liner collapse and jet
formation is described by the separate processes of explosive detonation behavior,
liner collapse, collapse point jetting, and jet stretching. An idealized description
follows:




«  The first state of the functioning of a shaped charge is the ex-
plosive detonation (fig. 1). The explosive is detonated at the apex end of the shaped
charge device. The explosive may be point initiated, plane wave initiated, or ring
initiated by a wave shaper. The explosive detonation front propagates through the
explosive with some velocity D. The detonation sweeps across the liner surface with a

tangential sweep velocity Uqer which is greater than D due to the angle of incidence ¢.

. The second stage of the process is the interaction of the explosive
with a liner. The explosive products high pressures accelerates successive liner
elements, effectively bending or turning the liner contour. Each liner element ac-

celerates towards the centerline axis with some changing velocity v and velocity vector

angle 8. The velocity vector of the element changes both in magnitude and direction
during the acceleration.

. As the liner element reaches the axis, it enters a jetting region.
The center of this jetting region on the axis is known as the collapse point. The
collapse point moves along the axis at some velocity V¢ which changes during the
entire jet formation process. Referenced to the collapse point, the liner element enters
the jetting region at some angle B with a velocity Vi,. The liner element mass
separates into two parts, each part moving in opposite directions along the axis away
from the collapse point. The mass along the axis forward of the collapse point is
known as the jet, and the mass along the axis behind the collapse point is known as
the slug.

. The induced velocities of the jet V; and slug Vs change during the
entire formation process; therefore, velocity gradients exist along both the jet and slug.
In the case of the jet, a negative velocity gradient causes jet stretching and a positive
velocity gradient, known as an inverse velocity gradient, causes mass accumulation.
This type of mass accumulation typically occurs only at the tip of shaped charge jets,
and the rest of the jet stretches at a high rate. The jet will stretch to several times its
originai length and eventually break up into small particles.

Shaped Charge Modeling

The terms “analytical” shaped charge model or “one-dimensional” shaped
charge model (ref 5) are currently used to specify a complete mathematical shaped
charge model that incorporates smaller separate mathematical models describing
different portions or phenomena of the liner collapse and jet formation. Typically an
analytical shaped charge model is divided into separate models describing explcsive
detonation behavior, liner velocity and acceleration, liner angular projection,
collapse point jetting, sonic criterion, jet tip formation, and jet stretching




behavior (refs 13 through 16). A solution is achieved by treating the liner as a set of
discrete mass elements, each initially the thickness of the liner. The effects of the
model on each of the liner elements are calculated to predict the final jet characteris-
tics.

Explosive Detonation Behavior. Classical detonation theory (refs 17
and 18) provides a stable constant detonation velocity solution for a jump discontinuity
from unreacted explosive to completely reacted detonation products. The theory
assumes that the detonation products are in thermodynamic equilibrium, and is
described by a thermodynamic equation of state. The solution is known as a Chap-
man-Jouguet detonation, after the first two men to propose such a solution (refs 19 and
20). Chapman and Jouguet independently hypothesized that the flow at the fully
reacted state, just behind the detonation front, is sonic with respect to the detonation
velocity. Experimentation verifies that on a macroscopic level, Chapman-Jouguet
detonations are often rapidly approached after explosive initiation. Normally,
detonation behavior modeling in analytical shaped charge models is limited to steady
Chapman-Jouguet detonations, and any transient detonation behavior is ignored. The
constant Chapman-Jouguet detonation velocities are either derived from experimen-
tation (ref 21) or are calculated using a thermochemical equation of state (refs 22 and
23). When a constant Chapman-Jouguet detonation velocity is assumed, both the
time t, that the detonation reaches each element and the liner sweep velocity at each

element Uger = D/sing can be easily calculated from the initiation and liner geometries.

Liner Acceleration. By assuming a final linear distribution of radial gas
velocity, constant radial density distribution, and no axial effect, Gurney (ref 24)
derived formulas for the final velocity v, for exploding cylindrical or spherical shells.
These simple formulas can be expressed in the general form

1
Vo =~/ 2Equf (1) ="/2Egur (%"’ n T_ 2) 2

where C is the charge mass, M is the shell mass, n is a spatial geometry constant (0 for

rectilinear, 1 for cylindrical, and 2 for spherical), and u=C/M is the charge to mass ratio.
The value of the Gurney energy Eg,, is taken as an explosive property and represents
the explosive's available specific kinetic energy (normally about 70% ot the heat of
detonation). This same general approach has been maintained and applied to many
different explosives and geometries over the years (refs 7 and 25 through 27).
However, it was not until 1983 that formulation was derived for cylindrical imploding
geometries. Chou et al. (ref 28) and Hennequin (ref 29) independently derived
formulas of the form

Vo = A/ 2Egurf(u, l’,/l'O, l)




where v, is the liner velocity as the liner reaches the axis. r;j and ro are the explosive
charge inside the outside radii, respectively. In addition, the total explosive impulse |
is taken as a function of r; and ro for a particular explosive. The parameter | was
empirically determined using finite element calculation results. By making the
additional assumptions that the detonation products pressure is uniformly distributed,
and that there exists at some radius ry a cylindrical surface within the explosive that
never moves, Chanteret (ref 30) developed an equation for the total explosive impulse
I. The resulting Gurney formulation is

- r? 1
"
|

A determination of ry, based on a momentum balance across the unmoving cylindrical
surface, is also presented (ref 30).

These final velocity forms do not explicitly treat liner acceleration. In
the simplest treatment of liner explosive interaction, the acceleration is ignored and the
liner velocity is treated as constant. More often, empirical relationships for the liner
acceleration are incorporated with a final velocity model. The most commonly used
acceleration form, proposed by Randers-Pehrson (ref 31), is exponential

vt - vo[1 - exp( %ﬂ

Based on initial momentum considerations, Chou et al. (ref 28) suggests the following
form for the time constant t

Mv
T= C1 0+ Cz
Pgj

The constants Cy and C, are taken as intrinsic explosive parameters and were
determined empirically from finite element calculations. Jacobs (ref 32), as well as
Jones et al. (ref 33), have developed theoretical acceleration formulas based on ideal
gas expansion. No axial effects are included in the formulations and the original
Gurney assumptions are included. The relatively simple result of Jones et al., used in
the shaped charge model of Baker (ref 16), is

v=1/ 2—%9&[1 -(%(A- 1)- AJBC (v-1)/M(A + 1)]15

A_2MC+1 g_Na2, M, 11443
ONC+1  C "C 31+A




where rmo is the original charge thickness, rq - rmo is the distance traveled by the liner,

N is the charge case or tamping mass, and v is the polytropic gas exponent for the
detonation products.

Liner Angular Projection. During the liner collapse process, the liner
element velocity vector makes an angle § with the normal to the original liner. Taylor

(ref 34) developed a formula relating the projection angle & with the liner velocity v and
the speed Uget with which the detonation sweeps across the liner surface

sin d = v/2Udet

In deriving this formula it was assumed that the process was steady-state in a coor-
dinate system moving at the sweep velocity Uget. The effect of nonsteady conditions
on the projection angle was first addressed empirically by Randers-Pehrson (ref 31).
His resulting formula is

8= 2\’—8 - %—Vb‘t +;—(Vb‘t)2

where the prime denotes differentiation with respect to distance along the axis. Chou
et al. (ref 28) derived formulation for the projection angle based purely on liner
collapse kinematics. The resulting formulation is

— & - 1_\)'0"[ + .l’c.vo

“2U 2 4

Both formulas were found to agree well with finite element calculations.

An alternate approach to liner velocity estimation is to produce a
projection angle formula based on explosive properties and calculate the liner velocity
using the Taylor angle formula (ref 34). Using this approach and assuming steady
conditions, Deforneaux and Didler (ref 35) derived a formula for the final projection
angle in plane geometry. Kerdraon (ref 36) developed an empirically based final
projection angle formula for imploding cylindrical charges of the form

20 = -1 e-ap/r2
1/¢ + Kpop

where ¢, K, and a are empirical explosive constants, p, is the initial explosive density,
and r is the liner radius.




Collapse Point Jetting. Birkhoff, MacDougall, Pugh, and Taylor (ref 6)
published the first theory of shaped charge jet formation in 1948. Recognizing that
very high pressures are produced, they neglected liner strength and treated the liner
as a nonviscous fluid. Furthermore, they treated the jet formation as a steady-state
incompressible hydrodynamic event, producing a constant velocity jet. By applying
the steady-state incompressible irrotational Bernoulli equation and momentum
conservation in the axial direction to a constant angle liner, they derived the following
formulation

B-a

B+oa
Vel = VoCOS

)/ sinf

/ sin, vin = voCOS (

Vj = Vin + V¢, Vs = Vin = V¢l
m; =~’23(1 - cosB), ms =%(1 - sinB)

They noted that although experimental observation agreed qualitatively with many
aspects of their theory, constant velocity jets were not observed. In fact, most shaped
charges produce a large jet velocity gradient, causing the jet to stretch and eventually
break up.

Pugh, Eichelberger, and Rostoker (ref 5) modified the steady-state
theory to account for the jet velocity gradient. The resulting theory, known as the P-E-R
theory, is based on the same assumptions as the steady-state theory, except that the
final collapse velocities of various liner elements are not the same for all elements, but
depend on the original element position. Therefore, the liner velocity vector angle B
are no longer constants. The resulting formulation is given by

Ve = VoCOS(P ~ a — 8)/sinf, vin = vocos(a + 8)/sinP

Vj = Vin + V¢, Vg = Vi - V¢l




The jet and slug velocities may be expressed as

Vj = VoCOS (a +90- [3/2), Vs = VoCOS (a +9- B/2) /cos (B/Z)

Normally, from apex to base, the collapse velocity v, and collapse velocity vector

angle 6 decrease, whereas the collapse angle B increases. The jet velocity is normally
predicted to decrease from tip to tail, causing jet elongation. The P-E-R theory still
serves as the basis for almost all current implemented analytical shaped charge
models. Several attempts were made to test the P-E-R theory experimentally. Allison
and Vitali (ref 37) obtained excellent results using a novel radioactive tracer technique.
Eichelberger (ref 38) showed evidence of a systematic discrepancy between
theoretical and experimental results. He attributes possible sources of the small
discrepancy to finite acceleration, liner collapse internal interaction, and errors in the
basic hydrodynamic theory because of the nonsteady character of the phenomenon.

Sonic Criterion. Extremely high velocity shaped charge jets are radially
dispersed in fine particulation, instead of continuous and coherent. This effect, known
as overdriving, was observed experimentally for shaped charges with small liner
angles and large collapse velocities (ref 39). Because the effect occurs at high
collapse velocities, compressible effects have long been suspected. Walsh et al. (ref
40) addressed limiting conditions for jet formation by considering supersonic collapse
velocities. They concluded that jetting will not occur below some critical turning angle,

Bc. The critical turning angle is the angle above which an oblique attached shock
cannot form, as proposed by von Neumann (ref 41). This theory predicts when a jet
will not be formed, but does not predict the quality of formed jets. Chou et al. (refs 42
and 43) investigated the onset of radial jet dispersion and theorized that supersonic
jetting produces radially dispersed jets. Their theory is commonly called the sonic
criterion, and is expressed as

Vin<C a solid coherent jet occurs
vin>C, P>Bc  jetting occurs, but the jet is not coherent

vin>C, B<Bc  jetting does not occur

10




where ¢ is the local speed of sound at the collapse point. The sonic criterion is

. normally used as a general principle. In practice, it was found that the value of the
critical Mach number, based on the speed of sound in the liner material under ambient
conditions, is about 1.2 for copper.

Jet Tip Formation. Generally, the induced liner collapse velocity
decreases from the liner apex to the liner base, causing a negative jet velocity gradient
and consequent jet stretching. However, near the liner apex, liner elements are not at
sufficient distances from the axis to accelerate considerably. Consequently, there
often exists a region of liner near the apex that produces a positive velocity gradient,
due to the increasing element acceleration distances (refs 44 and 45). The positive jet
velocity gradient causes jet mass to accumulate at the jet tip. This accumulation is
commonly called the jet tip formation process. For purely conical charges, the first
20% to 30% of the liner, from the apex, forms the jet tip which has a much larger radius
than the rest of the jet. Carleone et al. (ref 45) suggests that a modified jet tip velocity
Viip should be calculated by summing the shaped charge jet momentum and mass,
until the newly formed jet velocity equals the summed momentum divided by the

summed mass
m:
j
f dem"
0

mj
I dmj
o]

Most current analytical shaped charge programs incorporate this shaped charge tip
formula.

Viip = Vj, where vj =

Jet Stretching Behavior. When a negative jet velocity gradient exists,
the shaped charge jet stretches at a high rate. Analytical shaped charge models
normally assume that strength effects are negligible and calculate the jet strain based
upon the initial jet velocity distribution and Lagrangian mass distribution (ref 45). The
position z of each Lagrangian jet element is normally expressed in terms of the initial
element jetting position z,, the current time t, the initial element jetting time t,, and the
element jet velocity V;

2(x.1) = Zo(x) + (t - to)Vi(x)

The term x represents the liner position of the Lagrangian element. Using the above
expression and assuming jet incompressibility, the time dependent jet radius
. distribution can be determined.
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Research

Current analytical shaped charge models rely on many empirical fits and do not
incorporate constitutive relationships for the various materials (explosive, liner, and
confinement). To predict shaped charge characteristics over a broader range of
materials and geometries, a more fundamental shaped charge model (PASCC1
version 3.0) was developed. Research has focused on the development of an
improved liner collapse velocity and acceleration model using equation-of-state
relationships for the high explosive detonation products. The ability to use the Gurney
formulation for the collapse velocity and acceleration modeling was retained for use
when desired. In addition, an improved detonation products equation of state was
developed and used for both analytic shaped charge and continuum shaped charge
modeling.

Explosive Detonation Behavior

The explosive detonation behavior is described by an explosive
detonation velocity and detonation products equation of state. The explosive
detonation velocity is required to determine initial acceleration times along the shaped
charge liner. The detonation products equation is used in the liner acceleration
modeling. The Jones-Wilkens-Lee-Baker (JWLB) equation of state was researched,
developed, and implemented into the liner acceleration modeling. The JWLB
equation of state is also applicable to continuum modeling, and is currently available
in several dynamic finite element and finite difference programs including DYNAZ2D,
DYNAZ3D (ref 46), and CALE (ref 4).

Explosive Detonation Velocity. The explosive detonation velocity is
described as a third order polynomial function of axial distance. However, a constant
detonation velocity based on the Chapman-Jouguet state is normally assumed. A
variable detonation velocity can be used to describe either detonation buildup or
explosive composition and density gradient effects (ref 47). The time t, that the
detonation reaches each element and the liner sweep velocity at each element Uge =

D/sing are calculated from the initiation and liner geometries. Currently implemented
initiation geometries include point, plane, and peripheral initiation. Currently
implemented liner geometries include linear, trumpet, biconic, polynomial, and
sinusoid geometries.

Detonation Products Equation of State. Many explosive modeling
applications require detonation products equations of state. Modern finite element
and finite difference modeling applications often require both overdriven detonration
and lower pressure detonation products expansion. Large detonation wave shaping
and multiple point initiation are typical overdriven detonation applications. Lower
pressure detonation products expansion is required for material acceleration

12




applications, such as explosively formed penetrators and shaped charges. Current
thermodynamic equation of states used in dynamic finite element ar.d finite difference
programs are either parameterized to give agreement with thermochemical potential
calculations (ref 48) or experimental copper cylinder explosive expansion experiments
(refs 49 and 50). Thermochemical potential calculations have proven to be very useful
for the prediction of explosive products properties, particularly near and above the
Chapman-Jouguet state (refs 22 and 23). Unfortunately, they do not reproduce the
products expansion behavior accurately enough for typical warheads design.
Currently, thermodynamic equations of state [Jones-Wilkens-Lee (JWL), refs 48 and
49] used for warheads design are normally calibrated to give agreement with copper
cylinder explosive expansion experiments. These equations of state have not been
calibrated for high pressures above the Chapman-Jouguet state. Experimentation (ref
51) and comparison with thermochemical calcuiations (figs. 4 through 6) have
demonstrated that a poor description of the high pressure region exists. To achieve a
suitable equation of state for both overdriven and lower pressure products expansion,
an appropriate equation-of-state form has been derived, implemented, and
parameterized for a large variety of military explosives (refs 52 and 53).

Equation-of-state Formulation. The equation-of-state form was
chosen so as to adequately describe the high pressure regime produced by
overdriven detonation, and yet retain the low pressure expansion behavior required
for standard material acceleration modeling. To this end, the derived form is based on
the JWL equation of state (ref 49) due to its computational robustness, and asymptotic
approach to an ideal gas at high expansions. Additional exponential terms and a
variable Gruneisen parameter have been added to adequately describe the high
pressure region above the Chapman-Jouguet state. The resulting equation-of-state
form, named Jones-Wilkens-Lee-Baker (JWLB), is

_ 11 . A AR . -(0+1)

P_iZA{1 Riv)eﬂv+2§+c(1 %)v (1)
where

}\,EZ(AMV+BM)€'R’JV+OJ (2)

For consistency with the JWL equation of state, V is defined as a specific volume ratio,
V = po/p and E is defined as E= p e where e is the specific internal energy. The JWLB

equation-of-state form is based on a first order expansion around the principle
isentrope

13




Ps=) AgRV . Cyle+!)
i

Using the Gruneisen parameter

KEVaP
oEly

the isentropic identity

s-Eq= Z—e -RV +QV‘° 2—9 Rch-CV,;,

and the Chapman-Jouguet condition
Ecj = Eo + — 2 (Pc] + Po Vo C]) 2 R'V - (—CD‘VE:(]O
the final form may be derived

P=\A;(E-Es)+Ps

( z%e RV . Q_V ) EAie-RiV_,_CV{mH)
i i

= Final form

Some important characteristics of the equation of state are that the Gruneisen
parameter A, is represented as an analytic function of specific volume, V. A + 1

P ,
approaches a constant adiabatic gamma, %5'—3{ =+ 1 for large V, so that ideal gas
S
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behavior is asymptotically approached. The principle isentrope description is
essentially identical to JWL, with the exception of an increased number of exponential
terms. It was found that for most explosives, three exponential terms (instead of two in
JWL) are adequate to describe the principle isentrope over both the high pressure
region above the Chapman-Jouguet state and the lower pressure expansion region. |t
is important to note that the internal energy referencing is defined by equation 7. The
value of Eq must be consistent so that

Eo=Y %:e‘R-Vci + SV - L(Pgj + Po) (Vo - Vo) (9)

Normally, the equation-of-state parameters are chosen so the Eq had the value Eq =

poAH, where AH is the heat of detonation. This is consistent with the initial internal
energy of the unreacted material having a value of zero.

Speed of Sound. The generalized speed of sound is often required for

implementation into a finite element of finite difference program. The speed of sound
may be easily derived as follows

dA

a_P_ oV | Rv. ‘_) RV
iz RVZ 7 2A1 Rie”

oA
+C -a—Y-V'(“’”)-C(m+ 1)(1 -L)V(QHZ)
W @

_EA, A9 g9
v2+VaE+Vav (10)
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P oV
(10 Al-A .2 R4 ARy
(5), (10) i }; AV RV R.+Ve
N
C(m+1)(1 L)+vav yle+2)
o
_E\L _Ap EO*
v VTV
C2=aP =>poC2"‘VzaP
aps aVs
JA

=PC? = z A a'_;/ - ARL +RV2 - AV ]eRV
|

LY
dA

+ (w+1)(1 L)+v—-v°’+EA+AVP Ev:
oV

v D Aue RV - Y (AV + Byy)Rye-RuV
i i
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Adiabatic Gamma. Another useful quantity is the generalized adiabatic
gamma. The adiabatic gamma may also be easily derived

Jd1inP Va
Y=- (15)

a1nV3 aVS

A
=1 | N = RV
(11), PIZ R RV+ V-Aler
A
A} v yoe D EA L5 CE 92 )
((1)+1 (1 )+V % VP+X P 5 (16)

(1 4):3_7‘ =Y meRV - Y (A + By)Rye o
vV i

Principle Isentrope Properties. Often, properties along the isentrope
that passes through the Chapman-Jouguet state are of particular interest. The
Gruneisen parameter is given by equation 2. The adiabatic gamma is given by

(3)=2 <

-y AReRV-C(w+1)vie+2) (17)
oV i

VZ AReRY+Clw+ 1)V-(°)+1)

(3).(15)=ys = T AeRV 4 cylo+1) (18)

The speed of sound along the principle isentrope is given by

(12)=poc2 = ), ARVZeRV 4 Clw+ 1V (19)
i
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Reacted Products Hugoniot. Another often used state space locus is
the reacted products Hugoniot. Assuming the initial pressure to be zero, conservation

gives
Mass:

Momentum:

Energy:

2p0(1-V) po P 2p0(1-V)  po
E.__E P _V2 P 'PV
TEER YY) 20 - V)
=E P__(1-v2.2v+2v3)=E,—P
°+2(1-V)( V+2v?) °5(1-V)
=Ec>+P(1-V)
2
k(1-V)]
1),(26 5[1-
(1).(26)= oV

poD = p(D - u)

P= poDu (21)

(23), (20) = P = po (1 - VID? =

(22).24)=>—P 4 Eo_P .y

Al et
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=
Pol1 - V)

2__ P ___,E

0]

(v2-2V + 1)

(20)

(27)




- _A_|oRV AfyHos 1= V)
Eo+[zi:A{1 RiV)e +C(1 (u)v }(_r

=

=E =

Equation-of-State Calibration. A generalized method of para-
meterization was developed using a nonlinear optimization program (NLQPEB),
thermochemical potential calculations (TIGER), ard a mathematical cylinder test
model (CYLTEST). The NLQPEB program was developed for the solution of
generalized nonlinear optimization problems with equality and inequality constraints.
The program uses sequential quadratic programming, with a Broyden-Fletcher-
Goldtarb-Shanno (BFGS) variable metric update and a modified merit function based
on the Kuhn-Tucker (ref 54) first order necessary conditions. NLQPEB is used to solve
for a set of JWLB parameters that reproduce the predicted pressure, volume, and
Gruneisen parameter principle isentrope behavior in the least squares sense.
Additional equality constraints are imposed so that the predicted Chapman-Jouguet
state be reproduced, and that CYLTEST reproduces the experimental cylinder
expansion test results at prescribed cylinder inside area expansions. The pressure,
volume, Gruneisen parameter principle isentrope behavior, and the Chapman-
Jouguet state are predicted using the computer program TIGER. Either the Becker-
Kistiakowsky-Wilson (BKW) or the Jacobs-Cowperthwaite-Zwisler (JCZ3) (refs 23 and
32) thermochemical equations of state can be used for the calculations. The
mathematical cylinder expansion test model, implemented into the program
CYLTEST, is a modification of the model suggested by G.l. Taylor (ref 34) using
Reynolds hydraulic treatment. The modification includes radial flow and cylinder wall
thinning considerations. The copper cylinder expansion tests normally consist of an
oxygen free copper tube [10 in. high x 1 in. outside diameter (OD), x 3/4 in. inside
diameter (ID)] filled with an explosive charge. The oxygen free copper tube is
machined to very precise tolerances, the explosive charge density is carefully
measured, and at least two experiments are done to access reproducibility. The
explosive charge is detonated from one end and the cylinder wall movement is
measured using an ultrahigh speed smear camera. The resulting film record is
carefully digitized using a film display digitization unit. The cylinder wall displacement
versus time is fit from the digitized results using a polynomial. Normally, the cylinder
wall velocity at three and seven inside area expansions is calculated from the
polynomial fit, and used for the equation-of-state parameterization routine. The
velocity at other area expansions can be calculated and included in the
parameterization if deemed important. BKWR and JWLB calculations for octol 75/25
after JWLB parameterization are compared in figures 7 through 9. The resulting JWLB
parameters are used to perform dynamic finite element computation of the cylinder
expansion experiment. The dynamic finite element results are subsequently
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compared to digitized experimental data. DYNA2D cylinder test modeling at 6 us
intervals is shown in figure 10. The material boundaries and computational mesh of
the computations is clearly seen. Normally, the Johnson-Cook material model and the
Mie-Gruneisen equation of state are used for the copper material description. An
experimental streak photography result of displacement versus time for an octol 75/25
cylinder expansion test is presented in figure 11. A comparison of DYNA2D finite
element and experimental cylinder expansion test results for octol 75/25 is presented
in figure 12. The cylinder test dynamic finite element results agree very closely with
the experimental results.

Equation-of-State Parameters. A variety of military explosives were
parameterized for the JWLB equation of state. The JWLB parameters presented in
table 1 were calibrated using BKW thermochemical potential calculations with the
LLNL revised BKW parameters (BKWR) along with ARDEC cylinder test results.

Liner Acceleration

Gurney formulation has often been used for high explosive material
acceleration modeling, particularly for liner acceleration applications. A Gurney
formulation for liner acceleration option is available in PASCC1. The work of Taylor
(ref 34) provides a more fundamental methodology for modeling exploding cylinders,
including axial flow effects. His treatment uses Reynolds hydraulic formulation. A
modification of his method to include radial detonation products flow effects and
cylinder thinning was developed. It was found to give better agreement with cylinder
expansion finite element modeling. The model was extended to slab and imploding
cylindrical geometries for use in shaped charge analytical modeling. This type of
methodology requires an equation of state for the expanding high explosive products.
Based on the earlier JWL (ref 49) thermodynamic equation of state, the JWLB
thermodynamic equation of state for explosive products was developed to accurately
predict the acceleration of metals in finite element and finite difference programs (ref
53). The various equation-of-state constants exist for a large range of common high
explosives. The JWLB equation of state provides a convenient constitutive
relationship for the explosive products.

Cylinder Expansion. The Taylor (ref 34) long bomb mode! neglects
radial detonation flow effects that can become significant for thin walled cylinders. To
include radial flow effects, two models based on the Taylor long bomb model were
developed. The first of the two models is based on a products linear radial velocity
distribution assumption. The second model is based on a products constant spherical
surfaces distribution assumption. The two models were compared to the Taylor long
bomb model, as well as to dynamic finite element modeling using the same detonation
products JWLB equation of state. The two models reproduce the finite element
predictions surprisingly well.
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Taylor Heavy Long Cylindrical Bomb Model. Based on the
assumption of heavy confinement, Taylor (ref 34) proposed the use of Reynolds
hydraulic treatment and isentropic detonation products flow to model a heavy long
cylindrical bomb expansion. The model is very similar to the Delaval nozzle theory (ref
17), but includes the momentum of the cylinder wall. A diagram of a Taylor heavy long
cylinder expansion due to high explosive detonation is presented in figure 13. |t
should be noted that flow velocities are relative to the detonation velocity, D. The
Taylor heavy long cylindrical bomb model can be represented as follows

Mass: PoDI = pur® (29)
Liner momentum: onrP = ded_(? (30)
Energy: poDr2 9’2-2- + €| = pUr? {%3 re|+PUR (31)
Principle isentrope: P= Z AeRipop + C (po/p)i@+ 1)
i
de = -Pd(:;) (32)
Taylor angle: V= 2Dsin% (33)

Based on the assumption of heavy confinement, this model neglects radial flow eftects
in the detonation products. Additionally, the detonation products flow is assumed to be
isentropic from the Chapman-Jouguet state and cylinder strength is neglected. To
achieve an easier computational form, the following reduction is made

C = ponr3
_y(ry oD
(29)»>(r0) = U (34)
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2
ui_.!c_i_-(E_Pci)- o
= = —l-(e-e
> 2|5 pa) (e ea)

2
(32)=>de = -Pd(lj, (8)=dY" = -dP ¢ pgl = - 14p
p 2 p p P

+ du

2
- Ldp=du, (7 dL:QDd(—P—
- pU (7= 2 m [ pU

Pcj = poD (D - Ugj) = pejUcfD - Ugj)

2_cplP .ip.
(37):22—_m0[pu (D u)]

22

r

5]

dsin?®
v = g; = Dsin ©, (2)=2nrP = -mD2d—C‘(—;~—:@— = ml)z?_—--:l

(37)

(38)




The final form is as follows

P= z AieRipo/p 4+ C (po/p){"” R (39)
|

€cj- € = X A[I;‘ (e'Rlpo/pcj - e'Rlpolp)

i Pol

+ 5% [(Po/pei)® - (Po/p) ] (40)

—2—=7+pc‘:-5+(q-e) (41)

2_CpolP..(D-

)2'"’mD[,>U (D U)] (42)
PoD

P= e (43)
(r{;) .

In the case of lighter confinement, radial flow effects can become significant.
Therefore, two ditferent methods of radial flow treatment were investigated.

Products Linear Radial Velocity Distribution. One method of
including radial flow effects is to assume a linear radial velocity gas distribution along
cross sectional planes of the detonation products. A diagram of a products linear
radial velocity distribution cylinder expansion due to high explosive detonation is
presented in figure 14. Again, it should be noted that flow velocities are relative to the
detonation velocity, D. If a linear radial velocity gas distribution is assumed to exist in
the detonation products, the following model results
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Mass: peiUqif8 = pUP?

Axial momentum: Peird - Pre = D%cos® - MD? + pUr2 - peUZyrs
E : U
nergy: PcjUcirs 5t e+ PeiUciré

2
= pUrz(U; +%’—+ e) + PUP

Principle isentrope: P =Y, Ae’RPo/p + C (polpy @+ ")
j

de = -Pd(l)
P
Taylor angle: V= 2Dsin-(2'3)-
Tangency: % = tan®

To achieve an easier computational form the following reduction is made

1
(48)=c0s@ = 1 - ("’3)2, Sin® = [(v/D)2 - (—"%314—}2

(44)=U = Peidel
p(r/roP

(42), (50)=>Pgjrg - P2 = - %o - peiUZr3 + pUr2

ov/DP
2

2
::\15 = [P(r/ro)2 -Pg + plr/roPU2 - chugi]m’c .
Po
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2
(46):3-U2El +

(49),(50)=>v, = USING. _ U[

The final form is as follows

(47)=P = > AeRpo/p + C (po/p)le+!)

(47)=eg -

+mQ,[

WPo

Pe 12
g +-9 = U
Pej 2

cos®

-y %-{e-ﬂ-po/pc; - eRipo/p)
. ooF

Ugj

(51)=U = Peitlel
plr/rof

2
52)=>Y" =
(52)=>%

o'y

oM

4

|(Po/pei)® - (polp) ]
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(54)=p = — P
Vg, o P 12 v
> + €gj + a2 e (61)

Products Constant Spherical Surfaces. Another method of including
radial flow effects is to assume spherical surfaces of constant thermodynamic
properties and mass flow in the detonation products. The detonation products mass
flow is assumed to be in a perpendicular direction to the spherical surfaces. A
diagram of a products constant spherical surfaces cylinder expansion due to high
explosive detonation is presented in figure 15. Again, it should be noted that flow
velocities are relative to the detonation velocity, D. If constant detonation product
properties are assumed across spherical surfaces, the following model results

Mass: pchcho = pUA (62)
Axial momentum: Per8 - Pr2 = %DZCOS@ . L;;lDz + pUr2 - pchngS (63)
U3 2
Energy pchcho % + ecl + PCjUCjAO = [)U/\(LJ2 +e]+ PUA (64)
Principle isentrope: P =Y, AigRiroP +C (po/p){©* 1), de = Pd(:)) (65)
i
Taylor angle: V= 2Dsin% (66)
Spherical area: A= nr2g(1—fg—(£@—) (67)
sin“@
To achieve an easier computational form, the following reduction is made
. /D
66)=c0s0 = 1 - 2sin?Q = 1 - 2[-v P _ 1 . VDY (68)
(66)=co "o (25) 2
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{(V/DF
(67),(68)=A = 2nr? 2 __mr?

1. [1 ) (V/E)zr - (%)

(62),(69)=p = B%J;-‘@[ (20” pc:,L:q[ (20)]

/
(63)=Py3- PP = - MDD o 2z s pue

2
=Y = [P(r/ro)Q - P + p(r/ro)2U2 - pcjugﬂ C_
2 Mpo

2
- U2 _ UC] G Pc] } E

The final form is as follows

(65)=P = z Ae Rpo/p 4 C(po/p){wn)
i

(65)=e¢j- e = Z A—f‘q(e'R'Do/ch - e'R'Po/P)

i Pohi

* o loo/pai = (porp) ]
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2 U4 Py _
(72):>U2‘ - “2’”‘ + 62 - ‘F)’ +eg-e (75)
,2
(71 ):>\2_ = [P1/ro - Pgj + plriroPU2 - ,)cjué,-]r.h%() (76)
PciUe v 2
(70)=2p = Li=cllq - (v 77

Cylinder Model Results Comparison. The three models were solved
at a given radial expansion using a second order single variable minimizer (Brent's
Algorithm) with the difference of the chosen density (optimization variable) and the
calculated density as the optimization cost function. This solution method proved to be
extremely fast at all chosen cylinder expansions. The three models were compared
using charge to mass ratios of 0.1, 1.0, and 10.0 using the JWLB equation of state and
the same octol 75/25 parameters. The resulting plots of cylinder wall velocity versus
cylinder radius divided by original radius is presented in figures 16 through 18.

From figure 16 it is clear that the two new models agree very closely
with the Taylor (ref 34) long bomb model for thick wall cylinders. This is expected, as
radial flow effects should become negligible when the charge to mass ratio becomes
small. Forthe more typical charge to mass ratio of 1.0, the radial flow effects are more
significant in figure 17. The two models that include radial flow effects agree very
closely, predicting a velocity about 25% lower than Taylor long bomb predicted
velocity. Radial flow effects became very significant for very thin walled cylinders as
clearly shown in figure 18. Continuum modeling of 1 in. outside diameter, 3/4 in.
inside diameter, 10 in. higher copper cylinder tests were done using the explicit
second order dynamic Lagrangian finite element program DYNA2D (ref 46). The
explosive was modeled using a constant velocity detonation and the JWLB equation of
state using the same octol 75/25 parameters used for the analytic cylinder test
modeling. The copper cylinder was modeled using the Johnson-Cook strength model
and the Mie-Gruneisen equation of state. The finite element mesh size was chosen by
increasing the mesh resolution until no noticeable change in cylinder wall velocity
histories were noted. A comparison of the finite element predicted inside cylinder wall
velocity versus inside cylinder wall radius with the three analytic cylinder model results
is presented in figure 19. The two new analytic models agree much better with the
finite element predictions than the Taylor (ref 34) long bomb model. The finite element




results clearly show a large initial shock and subsequent cylinder wall ringing nct
predicted by the analytic models. This difference is expected, as the analytic models
do not include any type of shock behavior. Inspection of the finite element flow fields
revealed that the detonation products Lagrangian elements tend to remain nearly
planar, rather than spherical, indicating that the linear radial velocity distribution
assumption tends to be more consistent with the finite element predictions. The inside
cylinder wall velocity versus cylinder radius at 1 1/2 in., 5 in. , and 2 in. heights is
presented in figure 20. The linear velocity distribution mode! results are included on
the same plot. The velocity histories at the three locations agree very closely with
each other, indicating that the cylinder is long enough that a nearly steady process is
occurring.

The analytic cylinder models as expressed do not consider the fact that
the cylinders thin during radial expansion. One simple way to account for this wall
thinning is to assume that the wall cross sectional area remains constant. |If this
assumption is made, than a simple relationship for the cylinder outside velocity results

ri2n + 15 ri2n

outg ~

r(2)ut = 0

Min
Vout == Vin
out

A comparison of finite element prediction of cylinder inside and outside wall velocity
versus cylinder wall radius with the products linear radial velocity distribution model
results using this simple assumption is shown in figure 21. The analytic results agree
very well with finite element predictions.

Slab Geometry. Due to the success of the analytic cylinder expansion
modeling, a similar approach was adopted for the modeling of asymmetric high
explosive sandwiches in slab geometry. As in the first analytic cylinder test model, a
linear radial velocity gas distribution is assumed along cross sectional planes of the
detonation products. In addition, based on the work of Chanteret (ref 30) it is assumed
that there exists a single axial plane in the detonation products that remains stationary
during the entire explosive event. A diagram of the slab geometry model is presented
in figure 22. The position ro of the stationary detonation products axial plane is
defined by considering momentum in the r direction as the material initially accelerates
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O = m’\’r1

D+ mQVQD + ;— (\',2 + Vn)(fg - !’1)[)U

The stationary detonation products axial plane assumption allows the separate
solution of the two sandwich sides using a stationary boundary condition at the
location. Using the linear radial velocity gas distribution
assumption along with stationary boundary condition for one of the sandwich sides
results in the following model formulation

stationary axial plane

Mass:

Axial momentum:

Energy:

Principle isentrope:

Taylor angle:

Tangency:

Peilcj (reo - o) = p( (r2 - 1o)

Pj (r2o - 1) - P (r2 - ro) = mpD2cos®2 - mpD2

+ pUQ(r2 - To) - chugj (r20 - fo)

U2.
PciUcj (2o - o) (‘Ecl + €¢jf + PUqj{rao - 1o)

2
=pU(rz- ro)(%—+x2él+e + PU(r2 - 15)

P=Y AeRPop +C(pop) ot
;

de = -Pd (l)
P
vy = 2Dsin@22
Vrp = tan®;
U
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To achieve an easier computational form, the following reduction is made

(82)=scos; = 1 - V2OF

PaLs
(V2/D)2 - (V2/40) F

Sin@g =
(78)=U = PaYel
r2 - o)
| foo-To

(79),(84)=5P¢j(r20 - 1o) - P (r2 - 1o)

/D
= -m;D* ‘“"’2 F DU (120 o) + pUR (12 o)
2
Vs (r2 - o) (ro-ro) |12 2
=€ — Pv_,_____P._'_ uec - Us
2 (ro-1o)  ° p("20 - o) Pei

Pej 2 6
(87)=p= N
UC} + eC] .f._PE}_-LJE- \’32-
2 Pej 2 6
4
i {(\,2/[))2 (v2/D) }2
(83).(84)=>vip=U =U 4
cos®, . (vo/DP
2

The final form is as follows

(81)=3P = Y AR /4 C(pyp)ler)
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* oo [(Po/pci) - (Pop) | (91)
(85) U = - Paiei
o2 1o)
(r2o - To) (92)

(r2o - To) K (oo - To) K CJAm—QPOV (93)
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(vo/DP
1-5%5 (94)
(88)=p = — P
Ug . Pg 2 vp
5 + ecj + P 5 6 e (95)

Identical formulation may be used for the opposing sandwich side by replacing the
sandwich side index. The formulation was solved using the same solution method as
uscu for the three analytical cylinder test models. Again, the solution is compared to
dynamic finite element calculations using the JWLB detonation products equation of
state and identical octol 70/30 parameters. The explosive sandwich consisted 1/8 in.
of copper, 3/4 in. of explosive, and 1/16 in. of copper. A comparison of the dynamic
finite element predicted sandwich wall velocities versus wall displacement with the
analytic model prediction is presented in figure 23. The agreement is very good with
the obvious exception of the dynamic finite element predicted shock phenomenon.

Imploding Cylinder. Due to the success of the slab geometry asymmetric
sandwich expansion modeling, a similar approach was adopted for the modeling of
imploding cylinder geometry. As in the slab geometry model, a linear radial velocity
gas distribution is assumed along cross sectional planes of the detonation products,
as well as an assumed single axial cylindrical surface in the detonation products that
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remains stationary during the entire explosive event. A diagram of the imploding
cylinder geometry is presented in figure 24. The flow velocities are relative to the
detonation velocity, D.

The position r, of the stationary detonation products axial cylindrical
surface is again defined by considering momentum in the r direction as the material
initially accelerates

0= m1v,1D + mgvrgD + %— l'gp-UH [v,2(2r3 - 3r1r§ + I’?) + \Vq (r% - 3!21I'2 + 2!’:13))'

cerd-3nh+n
2 _73 7({%‘_@)(!’2'!’})
Y2 my +C r%_- 3@[?__'*_?_6

3{(3-12)(rz-1y)

fo-r
vig=0={vi2- V”)Fg-—f_} +Vn

- 33r, + 2&} gy J{mz ,c23-3n+i]
(r3-r3)(r2- 1) 3(rB-r8)(rp- 1)

m1*-C—
3 .
my+my+C

=l =

The stationary detonation products axial cylindrical surface assumption allows the
separate solution of the exploding outside and imploding inside using a stationary
boundary condition at the stationary axial cylindrical surface location. Using the linear
radial velocity gas distribution assumption along with stationary boundary condition for
the inside imploding cylinder results in the following model formulation
Mass: PeUe (l’go - rg) =pU (r§ - Fg) (96
Axial momentum P (13, - 1B} - P (13 - 18) = moD2cos®; - maD?

+ pU2(r3 - 13) - pejU3 (13, - 13) (97)
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g
Energy Peilcj (rso - rg)(__zﬂ + €¢j

+ PgUg (13, - 13)

~pU(- rg>[ui AR
212 (34

+PU(r3-13) (98)

— a-Ripy/ {w+1)
Principle isentrope | = 2.: Aie™ PP + C (polp)

- -pd(1l
de = -Pd (p) (99)
- 2Dein©2
Taylor angle vz = 2Dsin=E (100)
Vi2 _
Tangency —Lrj_— tan®; (101)

To achieve an easier computational form, the following reduction is made

(100)=>c0s®; = 1 - 2P

2
1
sin@; = [ (vo/D)? - (—Y-?/Z[-)—)iF (102)
(96)=>U = —Pelel
0 r5- 13
(2.-1) (103)
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(97),(102)=>P¢;(r3, - 3) - P (13 - r3)

_ mD? ‘_{;f - U2 (13, - 18)+ pU (3 - 12)

2 2 2
v r5-r rs-r
Y2 _ P( 2 3) - Py (22 3)U2_ ’ gl_ Co
2 N (rgo - rg) 50 - rg) M2Po
2
i - 2 - .
(98)::»[!9- + e + Pej U +ﬁ(3f5 2ralo r%) +e+P
2 Peg 2 12 (r% - rg) P
(105)=p = - P o
UG, P Y2 . v5 (313 - 2ra15 - 1)
_‘+ecj+“—"'——'— - e
2 Pej 2 12 (r§ -13)

1
4 —
in® [(VQ/D)‘? - (——Vz/D) ]2
(101),(102)=v,p = USINP2 _y 4
cosO; - (v2/DP
2

The final form is as follows
(99)=3P = ' AeFo/p + C (po/p) @+ )
i
(99)=veci- e =) —/\i—(e'R‘Po/PCj - eRipo/p)
T~ piRi
C Vo @
+ Opo {Po/pei) @ - (polp) ]
Peilej

(13- r3)

(rgo - fg)

(103)=U = -
P
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vi_|pl3-1) o (r3 C.
(104)= 2 [P(r; - rg) So -3 o C'U”Jm ; (111)

1
(107)=>vy2 = U 4
{v2/DF
5 (112)
(106)=p = P
U PC] 2 Ve (3f5 2r2ro - ré)
2 Pc, 2 12 (re-rg) (113)

The formulation was solved using the same solution method as used for the previous
acceleration models. Again, the solution is compared to dynamic finite element
calculations using the JWLB detonation products equation of state and identical octol
70/30 parameters. The imploding geometry consisted of a 1.8 in. thick, 1 in. outer
diameter copper cylinder surrounded by 1 3/4 in. layer of explosive, and then 1/16 in.
thick outside copper cylinder. A comparison of the dynamic finite element predicted
wall velocities versus wall displacement with the analytic model prediction is shown in
figure 25. The predicted imploding velocity falls between the finite element predicted
outside and inside surface velocities of the imploding cylinder. The constant wall
thickness approximation is not used for velocity calculation of the imploding cylinder
wall, as this leads to a predicted infinite velocity for the inside surface. However, the
constant wall thickness is used to determine when the imploding cylinder reaches the
axis. The agreement is remarkably good with the obvious exception of the dynamic
finite element predicted shock phenomenon.

Liner Angular Projection

Liner angular projection is typically based around the Taylor formulation
(refs 28, 31, and 34). Another approach is to directly assume that the liner is
accelerated in a direction perpendicular to the inside liner surface on which the
detonation products act. PASCC1 3.0 was implemented with both methods available.
Currently, the Taylor formulation approach is considerably faster.

Jetting Formulation
The jetting formulation implemented in PASCC1 is based on the standard

P-E-R jetting theory formulation. The one small difference is that collapse point
velocity is calculated from the times and positions that the liner elements reach the
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axis. The liner collapse angle [, is than back calculated from the collapse point
velocity and the element collapse velocities. This computation method was found to
be slightly simpler and faster than the traditional formulation.

PARAMETRIC OPTIMIZATION
Technical Background
Within the last two decades there was a dramatic increase in the efficiency and
reliability of optimization methods because of the rigorous application of optimization

theory, as well as an increased use of numerically stable linear algebra (ref 10).
Discrete parameter optimization problems may be stated in the general form

Minimize: G(') =G(x)
Subject to: a()=gx)=0
h()=h(x)20

Almost all modern nonlinear parametric optimization methods attempt to satisfy the
Kuhn-Tucker first order necessary conditions (refs 54 and 55)

where
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In particular, the very successful method of variable metric sequential quadratic
programming satisfies these conditions by minimizing a quadratic subproblem with
linearized constraints. Subsequently, the solution vector p of the quadratic
subproblem is used as a search direction in which a sufficient decrease of a merit
function W is found. At this point a new quadratic subproblem is formulated, and the
process begins anew. Both the quadratic subproblem and the merit function are
based on the Lagrangian function L. The quadratic subproblem cost matrix H, known
as the variable metric matrix, is updated for each quadratic subproblem. The first of
these “quasi-Newton” algorithms was suggested by Davidon (ref 56), who called it a
variable metric method. The name arises from the interpretation of the dircction
defined by the quadratic subproblem solution vector p. The length, or metric of p is
defined by the matrix H. The matrix H changes at every iteration, so the melric of pis
variable. The entire method is summarized as follows

Initialize H,go,i@ ,dg ,an
0X |x, JXlx, IXixg

2. Solve for p, A, u from the quadratic subproblem

—

3. Find o to provide a suftticient decrease of W(x + up, A, 1)

oh
4 Caleulate, x;j, 1 = x;i + up, D_G{ , E)‘g{ ‘)_—{
alxi+1 ()-)-(-Xi+1 ()E(-XH'I

5. Update H; = H;, q
6. lterationj=i+1,goto2
Quadratic Subproblem
Normally, it is desired that the subproblem be a positive definite quadratic
model of the nonlinear optimization problem with linearized constraints. From a
practical point of view, a subproblem model of this form is desirable due to the

existence of a unique subproblem solution. From a theoretical point of view, a
subproblem of this form is desirable because it has some consistency with the second
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order Kuhn-Tucker (ref 54) necessary condition of a positive semi-definite projection of
the Hessian onto the active constraint set at the solution (ref 55). Typically, the
quadratic subproblem is defined as

Minimize: 1pTHp +a—G+Q
2 %l x

Subject to: ag}g +4(x)=0
X

Solution methods for problems of this type are well established. Stable, reliable
methods for solving positive definite quadratic programming problems are discussed
by Gill et al. (refs 9 and 10).

Merit Function

The quadratic subproblem is only a local model of the nonlinear
optimization problem. The subproblem solution does not guarantee progress toward
the nonlinear optimization solution. Therefore, the subproblem solution p is used only
as a search direction, and a merit function W is introduced to enforce steady progress
to the nonlinear solution. The search vector length ||p|| is a convenient initial estimate
of the merit function minimum in the direction of p. The merit function must satisfy a
balance between the usually conflicting aims of reducing the cost function and
satisfying the problem constraints. Because of the first order necessary conditions,
most modern merit functions are based on the Lagrangian function. Probably the most
common merit function is a quadratic penalty augmented Lagrangian function (ref 10).

W{x. A1) = Gix) - . g(x) - uTh(x) + KqTxg( + gETmEm

where/ﬁ is the current set of inequality constraints estimated to be active (as equalities)
at the problem solution. This set is called the “working set” and is normally taken as
the active set of the quadratic subproblem. Similarly, the Lagrange multipliers
ootained from the quadratic subproblem are normally used as current estimates of the
nonlinear problem Lagrange multipliers. The penalty parameter k can be any
sufficiently large positive constant. However, the parameter k is more often defined in
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terms of an increasing series. Difficulties with the penalty parameter choice and slow
convergence rates have prompted development of other merit functions. Based on
work by Han (ref 57), Powell (ref 12) suggests a merit function of the form

Wix A1) = Glx) + [ alx] + u"hix)

where the Lagrange multipliers obtained from the quadratic subproblem are used and
the sufficient decrease search solution must be bounded by the length of the search
direction vector p obtained from the quadratic subproblem.

Variable Metric Matrix Update

To define the quadratic problem, an update rule is required for the variable metric
matrix H. Currently, the most widely accepted variable metric matrix update is the
BFGS update (refs 10 and 12). This update is part of a larger family of symmetric rank
two updates (ref 9) that approximate the Hessian of unconstrained optimization
problems. Several modifications of the update were developed for constrained
optimization problems (refs 10 and 12) to prevent the loss of positive definiteness
because of the Lagrangian function behavior. To prevent the loss of positive
definiteness due to numerical rounding errors, Gill and Murray (ref 58) suggest the use

of the Cholesky decomposition R of the variable matrix matrix H(H = RTR). The BFGS
rank two update of the variable metric matrix H may be expressed as a rank one
update of the Cholesky decomposition R.

The simplest BFGS update for constrained optimization may be expressed in the
Cholesky decomposition form as

s=X.1-X U=R'Rs
T T T T T T
yLza_G_! -ELG_‘ -ai|\ L.'.ai‘\L-a‘ﬁ_{ u.'.a_n__l Ll
Klx,q Xl 9, 9Kl IXlx,, 9Kl

J yo ifyls>0

¥=
|lu ityfs<o
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Ri,1=PR PP =I

where R is the nontriangular update and P is an orthogonal factorization that restores
Ri, 1 to a triangular matrix (ref 59). This update is equivalent to replacing the new
update R;, 1 with the old update R; if positive definiteness must be maintained.

Many individuals contend that the practice of maintaining positive
definiteness by replacing the new update with the old update reduces optimization
efficiency as no gain of curvature information is achieved from these updates. An
example of an update form that attempts to overcome this possible problem is Powell's
version (ret 12) of the BFGS update for constrained optimization. The Powell BFGS
update may be expressed in the Cholesky decomposition form as

S=Xi,1-X u=RRs

Moo T T T
Xi 4 1 DEI& axllin Rl Kl Ky

y / yi ifyls>0.2uTs
|0.2u ityls<0.2uTs

B=(uTsk, y=(yTsh

v=1Rs w=1y-1y
B B

ﬁ:Ri-F_\LV_VT

R, =PR PP=I

where R is the nontriangular update and P is an orthogonal factorization that restores
Ri, 1 to a tnangular matrix (ref 57).
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Research

A nonlinear optimization program, NLQPEB was developed using a BFGS
variable metric sequential quadratic programming methodology. Several different
merit functions and variable metric matrix updates were investigated. A subset of the
problems defined by Hock (ref 59) and Schittkowski (ref 60) were used to investigate
the different merit functions and variable metric matrix updates. The required number
of cost function evaluations was used as a measure of numerical optimization
performance. A merit function and variable metric matrix update were chosen for final
implementation based on the numerical optimization performance. The required
number of cost function evaluations for the new nonlinear optimization program
NLQPEB were then compared to the results obtained by Schittkowski. Schittkowski
has previously compared his nonlinear programming computer program (NLPQL)
performance to a large variety of different nonlinear optimization programs. NLPQL
was previously demonstrated to perform extremely well, providing an excellent and
current database for nonlinear optimization code performance measure.

Quadratic Subproblem

To prevent the loss of positive definiteness because of numerical
rounding errors, the Cholesky decomposition R of the variable metric matrix H (H =

RTR) was incorporated in NLQPEB. The quadratic subproblem is defined as
Minimize: Gip)=1p™R™Rp+ £ 'p
Subject to: giR)=ApR+¢=0

hip)=Bp+d=>0

where
iT - dG
81&
A=
OX|y.:
c=g(x)
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i

Jh
=2

d = h(x))
The solution of the quadratic subproblem is achieved by using an active strategy and
successive solution of equality constrained quadratic problems.

Active Set Strategy. The active set strategy is the method used to
determine the active inequality constraint set that satisfies the Kuhn-Tucker (ref 54)
necessary conditions. In the case of positive definite quadratic programming, then
necessary conditions are also sufficiency conditions. The Kuhn-Tucker necessary
conditions for the quadratic inequality constrained subproblem are

JoLy
0 *

=0

where

LieAs) = Gi(p) - ATaup) - uThi(p)

The active set strategy determines the active inequality constraints by successive
solution of equality constrained quadratic subproblems. The active set strategy
estimates the active inequality constraints, and an equality constrained quadratic
problem is solved using the estimated active constraints. This process is successively
repeated until the Lagrange multipliers of the estimated active inequality constraint set
are all found to be positive. The active set strategy implemented is as follows
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1. Determine feasible constraint working set A.C

Determine associated nonactive inequality set B, d

¥

2. Solve p, A, min. %—QTRTRQ +f D, Ap+E=0

3. A>0,done

4. Determine most negative }; constraint

Remove from constraint set /A\, [

Addto B, d

5. Solve g, A, min. ;-gTRTRg + jTg, Ag +C= 0

6. DRo=R, Solvep=po+a(s-Po)

W pri _ -
o =min 1,-b;TQ°—+—(£Vi|Q;rQD+di<O

bil(s - po)
7. Ifo#1,add associated b;, d; constraint to A, €

Goto 4

lfo=1,g0to03.

This active set strategy works within a feasible space. A feasible space is defined as
any optimization variable state space in which all inequalities and equalities are met.
An initial feasible working set is required. To speed computation, the active inequality
constraint set is assumed to be the same as the previous quadratic subproblem
solution. If this “warm start” set of inequality constraints is not feasible, than a separate
initial feasible point procedure is used.

Initial Feasible Point Procedure. The feasible point procedure may be
viewed as an additional minimization problem. The linear cost function is defined as
the summation of the infeasibility. The constraints are the same constraints as the
quadratic subp-ablem. The main difference between this linear programming problem
and a standard linear programming problem is that the cost function changes at every
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iteration. The active set strategy for the initial feasible point procedure is essentially
identical to the previously described active set strategy. The initial feasible point
procedure implemented is as follows:

variables.

10.

11.

Choose an initial constraint working set AT

The number of constraints must equal the number of optimization

Solve p, 7\9 +¢=0

lfbip + d; >0, put b , dj into satisfied set B, d
Remove from constraint set A, G

Determine Ggp) = - f[EASQ + a]l @Q +a <0

if no ég +_a_ <0, done
Determine i A\Ti = éTL

Determine most negative 71; constraint

Remove from working set A, &

Add most negative {éQ + a_] inequality k to working set !A\, c
Solve s, /A\g +Cc=0

Ro = . Solve p = po + & (S - Ro)

—7 — 3
o = Mmin ’1, -%Qpﬂvilﬁfgo+di<o\
\ QI (5'90) ’

If « # 1, remove k inequality (7.) and add associated b;, d;

constraint to /A\ c

Go to 3.
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This procedure is traditionally called "Phase " of the simplex method for linear
programming problems.

Equality Constrained Solution. The inequality constrained quadratic
subprobiem active set strategy requires the successive solution of an equality

constrained quadratic subproblem. The equality constrained quadratic subproblem is
defined as:

Minimize: Gelp) = % p"R'Rp + f'p

Subject to: gg(g)zﬁg+§=()

The Kuhn-Tucker (ref 54) necessary conditions give

Le (p2at) = Ge(p) - A 'ge(p)

| -
a_LE_i =pR'RT +_fT - LTA =0

9;2 o .
gelp’)=Ap+2=0
The problem reduces to the solution ot
RRA [,
A o lal
One method for the solution of this problem is to use an orthogonal factorization
AQ=[£0],Q'Q =1
Q={YZ

Where A is the original nxm matrix, Q is @ mxm matrix, £ is @ mxm lower triangular
matrix, Y is @ mxn submatrix of Q, and Z is a {(n-m)xn submatrix of Q. Using the
factorization
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o1 ]7lo o1
r[RRA o o) o1/ f)
1 -

= {QY\

=Y
QZ"Q QY+ZQZ

Y'R'RY Y'R'Rz £7 | [BY I YTL\
Z'R'RY Z'R'RZ 0 \92 ’ ='l Z'f ’
c

£ 0 0 |\A

The previous two relations may be expressed in the final form

£py = -¢ = Py

Z'R'RZpz = -Z2"f - Z'R"RYpy =pz

R=Ypy+Zpz=p

£ =Y"f+RRp)= &
The solution for this problem is particularly fast because of the triangular form of the
Cholesky decomposition update, R. It is interesting to note that the vector components
Ypy and Zpz may be interpreted as the range space and null space components of p.
The range space component represents the closest step onto the constraints. The null
space component represents the step along the constraint functions.

Merit Function

Three different merit functions were investigated. The first merit function
investigated was suggested by Powell (ref 12).

W (x ) = Gix) + ' atx] + [uhix)
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This merit function is based on the premise that deviation from constraints should
always be penalized, but the penalty should have some consistency with the
Lagrange function behavior. One possible disadvantage of this type of merit function
is the discontinuous behavior at g (x) = 0.

The second merit function investigated is a quadratic penalty augmented
Lagrangian function

W(x.1.u) = G(x) - A a(x) - uThix) + kgl + gﬁk)ﬁm

This type of merit function is probably the most common merit fungction used in current
nonlinear optimization programs (ref 10). For this merit function, h is the current set of
inequality constraints taken to be active from the quadratic subproblem solution. This
type of merit function has the advantage of directly incorporating the local Lagrange
function estimate. The penalty parameter k can be any sufficiently large positive
constant. However, the parameter k is more often defined in terms of a increasing
series. In this way, very small or no initial penalty may be used. |f the solution does
not meet the constraints within some preset tolerance, the penalty parameter is
increased and the optimization is restarted from the local state. The penalty update
rule chosen for the merit function is

ki, 1=a(ki+Db)

where a and b are predefined positive constants, and the initial kg 1S set equal to zero.
In this way, a nearly pure Lagrangian function may be used.

The third merit function investigated is a quadratic penalty augmented cost
function

Wx A1) = Glx) + 25@(&)91&) + %ET(x)E(x)

This type of merit function contains no Lagrange function information. Again, ﬁ is the
current set of inequality constraints taken to be active from the quadratic subproblem
solution. The penalty parameter k was defined as the same increasing series as in the
second merit function. In this way, the effect of incorporating a locai estimate of the
Lagrange multipliers may be assessed by comparing the optimization performance of
the second and third merit functions.
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Variable Metric Matrix Update

In the case of unconstrained optimization, the variable metric matrix
represents an approximation to the cost function Hessian. For constrained
optimization the variable metric matrix update represents an approximation to the
Hessian of the Lagrangian function of the optimization problem. For this reason, the
problem of maintaining a positive definite variable metric matrix is complicated by the
constraint function behavior and local approximations to the Lagrange multipliers.
Researchers have suggested several different forms of the BFGS variable metric
matrix updates for constrained nonlinear programming algorithms. The differences in
the update forms reflect different methods of maintaining a positive definite variable
metric matrix (yTs > 0).

Designated as Update 1, Gill's version (ref 10) of the BFGS update for
constrained optimization may be generalized in he Cholesky decomposition form as

S=X.1-%U=RRs

T T T T T T
¥L=8G B_Ci{‘ag{ 2\+a—g-l l-alt u+a‘n-{ i
Xlg, 1 Kl X, Xl Klg,, Kl
[ oy
0% x4 9% fx/ 9% lx,, 9% [y

T = ¥E§v = ¥5§

L if1y50

y=y-(1 +k1)’t‘—;~yg if 110,722 00 <k < 1

U f110, 1250
B=(uTs): y=(yTs)?
y=é~R-§. w=ly.1y

1
L
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R:Ri+_\_{ﬂT
Ri,1=PR, PTP=|

where R is the nontriangular update and P is an orthogonal factorization that restores
R;, 1 to a triangular matrix (ref 58). In this update form, positive definiteness is
maintained by incorporating curvature information of the constraint functions in the
direction of travel to increase the curvature in directions away from the constants

= vy - kqtl
Y=y k112¥g}_

Designated as Update 2, Powell's version (ref 12) of the BFGS update for
constrained optimization may be generalized in the Cholesky decomposition form as

S=Xi,1-X U=R'Rs

T T T T T T
OXlx,q OXlg OXlx,q Xl X,y 9Ky

x-{’“ if s > kyuTs

. 0« k1 <1
kwu  ifyls<kquTs

B=(uTs)z A =(yTs)z

Ri.1=PR, PTP=I

where R is the nontriangular update and P is an orthogonal factorization that restores
Ri, s to a triangular matrix (ref 59). In this update form, positive definiteness is
maintained by limiting the reduction of curvature in the direction of travel (y = kyy).

Two new update forms were developed. Both new updates are based on

the notion that separate constraint curvature, Lagrange multiplier approximation, or
cost function behavior problems leading to changes required to obtain positive definite
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updates should be separately corrected. Designated as Update 3, the first of the two
new BFGS updates for constrained optimization that was investigated, may be

expressed in the Cholesky decomposition form as

S=X41-% U=RRsi
L] ]
| = .
a'& IX.+1 al |-7>|
azsXl+1 axxl xx|+1 XXI
Y1 +¥o if't3>0
‘k1¥1+¥2 ingSO, 1130, T2>O
Y=<
Vi-Kqyo ift13<0, 11>0, 1,0
LK1 (y1 + y2) if13<0, 1,<0, 1, <0

0<ky<t

where R is the nontriangular update and P is an orthogonal factorization that restores

R;, 1 to a triangular matrix (ref 59).

Loss of positive definiteness because of cost

function behavior (ty < 0) is treated separately from loss of positive definiteness due to
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constraint or Lagrange multiplier approximation behavior (1, < 0). Designated as
Update 4, the second of the two new BFGS updates for constrained optimization that
was investigated may be expressed in the Cholesky decomposition form as

S=X.,1-%, U=RRsi

Yi= -
9Kl g 9y
T T T T
X i, q 19X g 19X I, 4 [9X Iy

T =¥I§, T2 =¥£§, =T +1T2

(¥1+Mz ift3>0

-K1y1 + ¥2 ift3<0, 1,<0, 1,>0
y=

y1-Kiy2 ift3<0, 1y>0, 1,<0

-Ki(yy + ¥2) if13<0, 11<0, 1, <0

Ri.1=PR, PP =1
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where R is the nontriangular update and P is an orthogonal factorization that restores
Ri., 1 to a triangular matrix (ref 5§9). Loss of positive definiteness because of cost

function behavior (14 < 0) is treated separately from loss of positive definiteness due to
constraint or Lagrange multiplier approximation behavior (1, < 0).

Test Problems

The test problems used for the nonlinear programming algorithm
investigation included a variety of unconstrained, equality constrained and inequality
constrained problems. The test problems used for the numerical investigation are
summarized in table 2. FN is the problem number (refs 60 and 61). Z is the cost
function value at the global solution. NV is the number of optimization variables. NE is
the number of equality constraints. Nl is the number of inequality constraints. A full
description of the optimization problems may be found in references 60 and 61.

Optimization Performance

The three different merit functions and four different variable metric matrix
updates were used for the optimization performance investigation. The different merit
functions performance were investigated first. Based on the results of the merit
function investigation, the Powell merit function form was chosen for a more complete
investigation of the four update forms. The final cost function values and optimization
performance of the different update forms were then compared to the extremely good
performance achieved by Schittkowski (ref 61) using his nonlinear optimization
program NLPQL. Based on the comparison, an extremely reliable and high
performance merit function and variable metric matrix update combination were
chosen for final implementation.

Merit Function. The three different merit functions were investigated using
al! four different variabie wi~i.c matrix updates. The same penalty update with an
initial value of zero was used for the quadratic penalty augmented merit functions.
Three different values of the variable metric matrix update parameter ky were used.
The results are presented in tables 3 through 5. The number of cost function calls for
all of the problem solutions were summed, and the complete data set from the
investigation is included in appendix A. The number of function calls including partial
derivative calculations is denoted nfp. The number of function calls excluding partial
derivative calculations is denoted nf.

In all cases, the three merit functions achieved the same solution within
the solution tolerance settings. The merit function form suggested by Powell (ref 12)
has an obvious increase in optimization performance, and no ill effects are noted due
to the discontinuous nature of the Powell form. Surprisingly, the quadratic penalty cost
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function based merit function outperforms the quadratic penalty Lagrangian based
merit function. This indicates poor local estimates of the Lagrange multipliers. Based
on these results, it was decided to investigate the effect of the initial penalty value on
the quadratic penalty cost function based merit function.

The variable metric matrix update parameter k, was fixed to 0.1 for this
investigation. The initial penalty constant value was set at 0.1, 1, 10, 100, and 1000.
The computational results are presented in tables 6 and 7. At first glance of the
number of cost evaluation totals, one would be led to believe that some increase of the
initial penalty brings the quadratic penalty based merit function performance closer to
the performance achieved by the Powell merit function. Closer inspection reveals that
with the higher penalty values, FN 218 and 220 failed to achieve solutions because of
math domain errors (very large numerical values). Additionally, with the higher
penalty values, the number of cost evaluations was decreasing for FN 216, but the
correct global minimum is no longer being achieved. it is clear that the penalty value
chosen will affect the optimization performance on a single problem, but that no
generalized trends exist. A good example is to compare the number of function
evaluations required for FN 6 and 7. The number cf function evaluations increased
with penalty value for FN 6, but the opposite trend is noted for FN 7. Based on these
results, the premise that deviation from constraints should always be penalized, but
the penalty should have some consistency with the Lagrange function behavior is
justified. The penalty scaling provided by the local estimates of the Lagrange
multipliers produces a significant increase in optimization performance for the
problems investigated.

Variable Metric Matrix Update

The four different variable metric matrix updates were used with the
Powell merit function. To fairly compare the updates, the update parameter k; was
varied for all the updates. The number of cost function calls for all of the problem
solutions were summed and the summed results are presented in table 8. The
complete data set from the investigation is included in appendix B. The number of cost
function evaluations including partial derivative calculations is denoted nfp. The
number of cost function evaluations excluding partial derivative calculations is
denoted nf.

All four of the update forms demonstrated very efficient and consistent
performance. The final cost functions for the four update forms were nearly identical,
with the solutions falling within the optimization tolerances. The only exception is the
performance of the Powell (ref 62 ) update with the update parameter k above a value
of 0.6. Close inspection of the Powell results reveal that not only are the number of
iterations increased with values of ki above 0.6, but that the global solutions are no
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longer achieved for many of the problems with the value of ki above 0.9. This is
consistent with the notion that the practice of maintaining positive definiteness by
replacing the new update with the old update reduces optimization efficiency. When
the value of the update parameter ki equals 1, the Powell update replaces the new
update with the old update. It is interesting to note that although the Powell update
produced the poorest performance with large k1, it also produced the best optimization
performance of thie four updates when the parameter ki equaled 0.45. The other
update forms show considerably less variation over the range of ky. The Gill (ref 58)
update form and the third update form produce slightly better performance than the
fourth update form. The best third update form performance is slightly better than the
best Gill update form performance. The Gill update form produced slightly less
performance variation than the third and fourth update forms. The best performance
for each update was achieved with ky values of 0.50, 0.45, 0.15, and 0.75, respec-
tively. The corresponding number of cost function evaluations including gradient
calculations were 2368, 2269, 2360, and 2429. The corresponding number of cost
function evaluations not including gradient calculations were 891, 844, 891, and 912.

Performance Comparison. The final cost function values and op-
timization performance of the different update forms were compared to the extremely
good performance achieved by Hock (ref 59) and Schittkowski (ref 60). The value of
ky that produced the best optimization performance for each update form was used for
the comparison. The final cost function values comparison is presented in table 9.
The number of required cost function evaluations is presented in table 10. Schit-
tkowski did not achieve the global solution for four of the problems (FN 2, FN 210, FN
214, and FN 216). The other updates do not achieve the global solution for FN 210
using the initial conditions specified by Schittkowski. Numerical investigation of FN
210 found that the global solution was achieved by starting the problem at other initial
conditions.

Final Implementation. Based on the comparison, an extremely reliable
and high performance merit function and variable metric matrix update combination

were chosen for final implementation. The Powell merit function was chosen, with a
slight modification. The final implemented merit form chosen is

Wix A1) = G(x) + WTg(x)] + uThix)]
+ ggT(x)g(x) + gET(zLE(x)

where the Lagrange multipliers obtained from the quadratic subproblem are used and
the sufficient decrease search solution must be bounded by a constant times the
length of the search direction vector p obtained from the quadratic subproblem. This
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form is identical to the form suggested by Powell, with the addition of quadratic
penalties. However, the quadratic penalties are initially set to zero. If the optimization
solution does not meet the required constraints within a specified tolerance, the
penalties are increased and the problem is resolved starting from the current state.
The penalties are increased using the following update rule

ki+1 =a(ki+b)

where a and b are predefined positive constants, and the initial ko is set equal to zero.
In this way, a nearly pure Lagrangian function may be used, but constraint adherence
is obtained. In practice, the quadratic penalties are rarely needed, due to adherence
to the Kuhn-Tucker (ref 34) necessary conditions at the solution. Although the Powell
(ref 12) update form was found to achieve the lowest number of cost evaluations, the
result depends strongly on the value of the update parameter k1 chosen. The Gill (ref
58) variable metric matrix update form was chosen due to the consistent performance
over a range of k1, and the slightly better performance than update 3 and 4 over the
range of ky.

SHAPED CHARGE OPTIMIZATION
Technical Background

Although shaped charge modeling parametric studies are used for the design
and analysis of shaped charge devices, surprisingly little investigation has focused on
the formal application of numerical optimization methodology to shaped charge
modeling. The inclusion of constraint functions is vital for the practical application of
shaped charge optimization to real world shaped charge problems. These constraints
include physical system constraints, as well as, phenomenological constraints.
Typical physical constraints include dimensional constraints, a maximum weight and a
specified center of gravity. Typical phenomenological constraints include no jet
overdriving (sonic criterion) and no jet mass accumulation (no positive jet gradients).
The process of shaped charge liner collapse and jet formation is represented by
distributed parameter nonlinear dynamic models. Optimization of distributed
parameter systems, has traditionally been very difficult (ref 8). Nonlinear dynamic
system behavior adds more complication to an already difficult optimization problem.
The Rayleigh-Ritz method (refs 63 and 64) of solving distributed parametric op-
timization problems is to successively solve discrete optimization subproblems using
an analytic series. The idea being that the distributed solution will be approached as
the number of series terms increases. |If the solution no longer changes considerably
with additional series terms, a solution approximation is achieved. This method has
the obvious advantage that discrete optimization methodology may be directly applied
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to the solution of distributed parameter problems. Recent advances of numerical
methods for discrete parametric optimization provide dramatic increases of efficiency
and reliability. The application of these new variable metric sequential quadratic
programming algorithms to distributed parameter nonlinear dynamic systems should
also yield improved optimization efficiency, and prove to be a significant contribution to
the technology base.

Research

A shaped charge model was used to investigate the direct distributed parameter
optimization of a nonlinear dynamic system using recent variable metric nonlinear
programming techniques. Research has centered on the use of a Cholesky decom-
position BFGS variable metric sequential quadratic programming algorithm and the
Raleigh-Ritz method. Two types of optimization problems were solved: a distributed
parameter optimization problem and a discrete optimization problem. The distributed
parameter optimization problem was chosen so that the application of distributed
optimization could be investigated on a fairly difficult optimization problem with
inequality and equality constraints. A very practical discrete optimization problem was
chosen so that continuum modeling and experimentation could be used to verify the
optimization resuits. The first optimization problem consisted of determining the
required liner contour and thickness profile required to produce a desired jet profile in
the least squares sense. The second optimization problem consisted of maximizing
the jet tip velocity using detonation wave shaping on an existing liner design. Both
problems included optimization constraints.

Liner Geometry Optimization

In many shaped charge applications, particular shaped charge jet charac-
teristics are desired. One method of obtaining desired jet characteristics is to succes-
sively modify the shaped charge liner shape until the produced jet characteristics
agree to some extent with the desired jet characteristics. The problem is a distributed
parametric optimization problem, as the optimization problem consists of determining
the function (liner shape) that minimizes a cost function (deviation from desired jet
profile). Therefore, it was decided to parametrically optimize initial shaped charge
liner contour and thickness to achieve a desired jet profile in the least squares sense.
The optimization cost function was chosen to be the sum of the square differences
between the desired jet profiles and the predicted jet profiles. Additionally, one
equality constraint and one inequality constraint were used. The inequality censtraint
was defined to specify that no jet inverse velocity gradient exist. The equality con-
straint was defined to produce a given jet tip velocity.
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Problem Definition. For investigative purposes, a fairly ditficult op-
timization problem was defined that included one equality and one inequality con-
straint. A constant jet radius of 1.5 mm and a linear jet velocity profile from 3 km/s to 8
km/s over 250 mm at 50 pus were chosen as the desired jet profile. An inequality
constraint that no jet inverse velocity gradient be produced, and an equality constraint
specifying a jet tip velocity of 8 km/s were imposed. The problem definition was
expressed as

Optimization variables: ap, b,

Minimize: G(")
Subject to: a()=0
h()=Q

Miner = 2 anX", Tiiner = 2 bnx"
n n

al )= Z ["caicl@i) - Tiget) 2+ Z [VicaidZ) - Vige2il}®
i i

rjdef=k0' ko=1.5mm

91(' )5 Viip = Vjca|c(21) = K3, kg = 8 mm/us

h1( ) 2 (x'-Dv.

+1"

] [Vicak:(xi+ 1)- Vicalc()(i] if \"icalc(xi +1)> VJ'calc(xi)
Dvi;

0 if Vicalc(xi 1)< Vicalc(xi)

Where rjiner is the liner inside radial position, Tjine, is the liner thickness, z; is the axial
jet position of the ith Lagrangian element at 50 us, Iic,ic is the calculated jet radius, g
is the defined jet radius, Vi, is the calculated jet velocity, vjye is the defined jet
velocity, and x; is the original liner axial position of the ith Lagrangian element. The
initial geometry used for the optimization was a truncated BRL 81 mm loaded with
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octol. The liner thickness and contour were chosen as the optimization variables. The
liner thickness and liner profile were described as polynomials. The optimization
problem was subsequently run three times using first, second, and third order
polynomials to describe the liner thickness and contour.

Optimization Results. The initial liner profile and the resulting first,
second, and third order liner profiles is presented in figure 25. The resulting liner
angles are larger than the initial liner angle in all three cases. Additionally, the
resulting liner contours thin significantly toward the liner bases. The cubic liner design
is considerably thinner near the base than the linear and quadratic designs, with a
slightly larger initial liner angle and a smaller liner angle near the base. The jet
velocity versus jet axial position is at 50 ps is shown in figure 26. The optimized
designs all produce the prescribed jet tip velocity of 8 km/s. Although subtle, the
desired linear velocity gradient is more closely achieved by the cubic design than the
quadratic or linear design. The jet radius versus jet axial position at 50 us is shown in
figure 27. All three polynomial liner designs produced jet profiles closer to the
prescribed 1.5 mm constant radius than the original design. Both the cubic and
quadratic design results are much closer to the prescribed 1.5 mm radius than the
linear design results. Finally, figure 28 presents jet velocity versus initial liner position
at 50 us. As can be seen from the result, the prescribed inequality constraint that no
inverse jet gradient exist for the optimized designs has been maintained.

Wave Shaper Optimization

In the previous optimization problem, PASCC1 was demonstrated to
parametrically optimize initial liner geometry to obtain desired jet profiles in the least
squares sense. No continuum modeling or experimental verification of the PASCC1
optimization results were done. Because of the success of the optimization
procedure, it was decided to demonstrate the PASCC1 optimization capabilities on a
problem that would be both computationally verified, using continuum modeling, as
well as experimentally verified. To demonstrate the application of the PASCCH1
parametric optimization capabilities, a fairly practical optimization problem was
chosen. Many current shaped charge applications require the highest possible
shaped charge jet tip velocity be obtained from a given shaped charge liner and
explosive charge design envelope. Detonation wave shaping is often used with a
given shaped charge liner geometry to adjust the jet tip velocity. Traditionally,
experimental iterations with varied detonation wave shapers are used to obtain an
extreme shaped charge design. The standard BRL 81 mm shaped charge is a
conservative copper liner shaped charge design that produces a relatively low jet tip
velocity. The PASCC1 optimization capability was used to design a detonation wave
shaper that maximizes the jet tip velocity within jet tip stability and geometric con-
straints. Current theory maintains that a jet cannot be formed if the Mach number of
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the collapsing liner is above this critical Mach number. An overdriven jet is charac-
terized by splashing, hollowness, radial displacement, and fine particulation. For
copper a critical Mach number of 1.23 based on the static sound speed is often used.
The BRL 81 mm shaped charge is considered a conservative design (well below
overdriven); whereas, many modern shaped charge designs are extreme (very nearly
overdriven).

Problem Definition. The shaped charge jet tip velocity was chosen as
the function to be maximized. The detonation wave shaper radius and axial location
were chosen as the optimization variables. To assure a coherent jet tip, an inequality
constraint that the liner collapse Mach number based on the static speed of sound not
exceed 1.23 was imposed. To assure a jet with reasonable mass, an inequality
constraint that the jet profile radius at 50 us be greater than 1/2 mm for the entire jet
was imposed. An additional inequality constraint of no jet inverse velocity gradient
was also used. To assure proper detonation transfer around the wave shaper, a
geometric inequality constraint was imposed on the wave shaper radius to be no
greater than 34.15 mm (1.4 in. smaller than the charge radius). Finally, geometric
inequality constraints that the wave shaper position could not be in front of the liner
apex position and that the wave shaper radius could not be negative were imposed.
The problem definition was expressed as:

Optimization variables: rys, Xws

Minimize: G()
Subject to: h(*)=20
G(' ) =-Vtp = 'Vicaic(ZT)

hy(- ) = ko -max [ve(xi))/Co, ko = 1.23, Co = 3.98 mm/us

hol- )= 2 Dr;

I ricalc(zi) - kg if MeatdXi) < Ki
Dr, = ki =0.5mm
0 if MigaidX1) > K1
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ha{- ) z xl;?\jl :

} [Vicalc(xi +1)- Vicalc(xi)] if Vicalc(xi+ 1)> Vjcalc(xi)
DVi =

0 if VJ'calc(xi +1)< Vicalc(xi)

hs(*) = X1 - Xws

hs() =Tlws

where rjne, is the liner inside radial position, Tjiner is the liner thickness, z; is the axial jet
position of the ith Lagrangian element at 50 ps, li., is the calculated jet radius, g
is the defined radius, Vvj.,cis the calculated jet velocity, Vg is the defined jet

velocity, and x; is the original liner axial position of the ith Lagrangian element. Octol
70/30 was used for the explosive charge. The optimization problem was subsequently
run using the BRL 81 mm with an extremely small wave shaper introduced for the
initial geometry. The initial wave shaper was placed at the initiation point of the
original design so that the initial conditions reproduce the original design predicted jet
characteristics. The original BRL 81 mm shaped charge geometry, as used in the
optimization initial conditions is shown in figure 30.

Optimization Results. The optimization problem ran approximately 7
min. on a Silicon Graphics 4D 340 GTX computer work station. A predicted jet tip
velocity of 10.1 km/s was achieved for the final optimized design. The final optimized
wave shaper geometry is shown in figure 31. The geometric wave shaper maximum
radius inequality constraint is clearly active at the solution. The jet velocity versus
initial liner axial position for the original and final optimized design is shown in figure
32. The 10.1 km/s jet tip velocity of the optimized design can be clearly seen. The
result also shows that the prescribed inequality constraint of no inverse jet gradient for
the optimized design was maintained. The produced collapse Mach number versus
jet velocity for the original and the final optimized design is shown in figure 33. The
result clearly shows that the collapse Mach number inequality constraint is active at
the solution. The collapse Mach number associated with the jet tip is at the prescribed
1.23 limit. The optimization problem was rerun using a variety of initial wave shaper
geometries. Although the final wave shaper geometry varied to some extent, the final
jet tip velocity was always very similar in all cases.
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Computational Verification. Continuum modeling was used to verify the
optimized design. Both the original and the optimized design were modeled using the
arbitrary Lagrange Eulerian program, CALE (ref 4). The copper liner, wave shaper,
and aluminum body were modeled using the Stinberg-Guinan rate independent
material model (ref 65). The Jones-Wilkens-Lee-Baker product equation of state (ref
53) was used to model the octol 70/30 explosive. The air was modeled using the
constant gamma equation of state. Material boundaries, mesh position, and pressure
contours at 10 us intervals for the original and optimized designs are presented in
figures 34 and 35. The CALE calculations produced a jet tip velocity of 8.38 km/s for
the original design and 9.79 km/s for the optimized design.

Experimentation. Four cast octol 70/30 BRL 81 mm shaped charges were
fabricated. The optimized design shaped charges were fabricated by machining out a
cylindrical cavity in the explosive charge, placing the copper wave shaper into the
cavity and finally replacing the machined explosive cavity with a machined cylinder of
explosive. Long standoff (20 CD) x-rays were used to experimentally determine the jet
tip velocity. Jet tip region traces from the x-rays at approximately 7 CD standoff are
shown in figure 36.

The original design produced a jet tip velocity of 8.4 km/s. The
optimized design produced a jet tip velocity of 9.8 km/s. Both the original design and
the optimized design produced extremely straight jets, indicating very good shaped
charge fabrication and loading. The original design produced jet tip is relatively
massive. The optimized design produces a relatively thin jet tip, indicating no jet
inverse gradient. Close inspection of the x-rays reveals that the optimized design jet
tip is hollow, indicating that the jet is very close to being overdriven. Finally, the
optimized design was tested for penetration capability into steel at an 8 CD standoff.
The optimized design produced a 19% increase of penetration over the original
design baseline penetration.

Resuits Comparison. A comparison of the PASCC1, CALE, and ex-
perimental BRL 8 1 mm precision shaped charge jet tip velocity results for the original
and optimized designs are shown in table 11. The PASCC1, CALE, and experimental
jet tip velocities agree fairly closely for both the original and the optimized shaped
charge designs. The predicted and experimental jet tip geometries differ somewhat.
The original design produced jet tip is relatively massive, which disagrees with the
PASCC1 calculation that predicts no jet inverse gradient. This is not unexpected, as
the PASCC1 calculation does not include the liner apex hemispherical cap. The
CALE calculation of the original design agrees more closely with the experiment,
although there is a small amount of jetting material ahead of the main jet tip that is not
predicted in the CALE calculation. The optimized design predicted jet tip characteris-
tics are more consistent with the experimental results. The experimental result
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indicates very little jet inverse velocity gradient. The fine details of the CALE predicted
jet tip geometry is very similar to the experimental result, with the exception that no jet
hollowness is predicted. In all, the PASCC1, CALE, and experimental results agree
fairly well.

CONCLUSIONS
Shaped Charge Modeling

To predict shaped charge characteristics over a broader range of materials and
geometries, a more fundamental shaped charge model (PASCC1 version 3.0) was
developed. Research has focused on the development of improved liner collapse
velocity and acceleration models. These more physically based models were
incorporated in PASCC1. In addition, an improved detonation products equation of
state was researched, developed, and calibrated for a variety of military high ex-
plosives. The Jones-Wilkens-Lee-Baker equation of state provides an improved
description for the overdriven detonation regime, while maintaining lower pressure
behavior. The new equation of state is used for the improved liner collapse modeling,
as well as for continuum modeling in the computer programs DYNA2D, DYNA3D, and
CALE.

Parametric Optimization

A nonlinear optimization program (NLQPEB), was researched and developed for
use on problems with computationally intensive cost function evaluations. NLQPEB
uses a Broyden, Fletcher, Goldfarb, and Shanno update (BFGS) variable metric
sequential quadratic programming methodology. Several different merit functions and
variable metric matrix updates were investigated. A subset of the problems defined by
Hock and Schittkowski were used to investigate the different merit functions and
variable metric matrix updates. The required number of cost function evaluations was
used as a measure of numerical optimization performance. A comparison of the final
cost function values was used as a measure of optimization routine robustness.
Based on these measures, an extremely reliable and high performance merit function
and variable metric matrix update combination were chosen for final implementation.
The merit function optimization performance results indicate that deviation from
constraints should always be penalized, but the penalty should have some consisten-
cy with the Lagrange function behavior. The variat:le metric matrix update op-
timization performance results indicate that the practice of maintaining positive
definiteness by replacing the new update with the old update greatly reduces op-
timization efficiency. Additionally, reduced sensitivity to update constants may be
achieved by separately treating constraint curvature, Lagrange multiplier
approximation, or cost function behavior problems to obtain positive definite updates.
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Comparison with the optimization performance obtained by Schittkowski using his
nonlinear programming computer program (NLPQL) performance verifies that
NLQPEB is extremely efficient.

Shaped Charge Optimization

A variable metric nonlinear programming algorithm was successfully applied to
the analytical shaped charge model, PASCC1. The resulting program was
demonstrated to parametrically optimize initial shaped charge geometry to achieve
desired shaped charge jet properties. Two types of optimization problems were
solved: a distributed parameter optimization problem was chosen to investigate the
direct distributed parameter optimization of a nonlinear dynamic system using a
variable metric nonlinear programming technique. The problem was to optimize the
liner contour and thickness to obtain desired jet profiles in the least squares sense.
The problem included a jet tip velocity equality constraint and an inequality constraint
to prevent the occurrence of an inverse jet velocity gradient. The problem was
successfully solved, demonstrating the use of a Cholesky decomposition BFGS
variable metric sequential quadratic programming algorithm and the Raleigh-Ritz
method. The ability to address system equality and inequality constraints was also
demonstrated. The optimization results indicate that by increasing the order of a
polynomial description of the liner profile, improved agreement with the prescribed jet
profile is achieved. Unfortunately, by increasing the polynomial order, the number of
optimization variables increases, resulting in larger computational requirements. The
increased computational requirements are due primarily to the numerical calculation
of partial derivatives. Reduced computational times can be achieved through the use
of parallel computer architecture. The partial derivatives can be calculated in parallel
instead of sequentially. The partial derivative routine is being rewritten to take
advantage of parallel architecture. Also, higher order polynomials are increasingly
numerically sensitive. This results in large changes during the initial steps of the
optimization routine while curvature information is being accrued. These initial steps
necessitate a very robust mathematical model. The choice of a ditferent analytic series
is being considered tcr the solution of distributed parameter optimization. A very
practical discrete optimization problem was chosen so that continuum modeling and
experimentation could be used to verify the optimization results. The jet tip velocity of
an existing liner geometry was maximized by optimizing the detonation wave shaping.
The resulting extreme design was both computationally verified using continuum
modeling, as well as experimentally verified using flash radiography. The predicted
and experimental jet tip velocities agree extremely well. Some differences in the
predicted and experimental jet tip geometries are noted. Improved analytical
modeling will focus on liner apex hemispherical cap modeling. Improved continuum
modeling using material failure criteria will be investigated. Although the optimized

64




wave shaped design produced extremely good penetration, it should be clearly noted
that the penetration was not directly optimized. The application of variable metric
sequential quadratic programming to shaped charge analytic modeling is an extraor-
dinary contribution to shaped charge technology, and constitutes an entirely new
method for the analysis and design of shaped charge devices. This new technology is
resulting in improved shaped charge designs and greatly reduced analysis and
designs times. Finally the application of direct distributed parameter optimization of
nonlinear dynamic systems using variable metric nonlinear programming techniques
has proven to be a significant contribution to the technology base.
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Table 1. JWLB parameters calibrated using the LLNL revised BKW parameters
(BKWR) along with ARDEC cylinder test results

PAX2 PAX2A  OCTOL75/25 OCTOL70/30
po.g/cc 1.7370 1.770 1.821 1.803
Eo,Mbar 086116 090798 096034 093757
D,cm/us 83460 85173 85381 84120
Pcj,Mbar 30502 32416 33755 32528
A | Mbar 909.13 909.14 909.17 549.98
A, Mbar 10.513 10.195 8.9469 5.8075
A Mbar 92253 76191 81495 041638
R, 16.661 16.266 15.941 15.323
R, 59113 5.6415 5.4178 4.0477
R, 23618 2.1540 2.1956 62665
C,Mbar 011724 011325 0104772 0058269
® 35956 36989 30731 27665
A 46.898 69.018 65.093 1.5621
A, 215.40 -176.03 -179.81 -
A, 270.22 163.48 156.04 .
A, 88536 76214 78487 -
B, - ; - -.27665
R, 43128 4.0339 3.6906 1.0841
R, 5.7197 4.8830 4.52693 -
R, 7.3184 6.5455 5.8014 -
R, 1.0892 1.0394 95864 -
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Table 2. Summary of nonlinear programming test problems
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Table 3. Powell merit function performance

Update 1
nfp nof
2459 942
2378 899
2390 907

Update 2

nfp nf
2409 914
2422 919
2437 932

Update 3

nf
2400 913
2384 899
2360 891

Update 4

nfp nf
2451 930
2442 921
2426 915

Table 4. Quadratic penalty Lagrangian merit function performance

Update 1 Update 2 Update 3 Update 4
ky nfp of nip nf nfp nf nfp nf
05 104577174 104387165 117418178 118138206
A0 104457170 104507171 97306607 98256656
A5 104617178 104587179 97016596 98116650

Table 5. Quadratic penalty cost merit function performance

05
10
A5

Update 1

nfp nof
88994372
78643745
78533624

Update 2
nfp nf
82223867
84334094
85453976
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Update 3
nfp nf
77353564
78733640
82403891

Update 4
nfp nf
90194614
79053676
7783 3605




Table 6. Comparison of final cost function values for different initial penalty
constant values

\DOO\IO\MAWN'—E

A
3.846E-14
5.043E-02
2.500E-28
2.667E+00

-1.913E+00
4.843E-21
-1.732E+00
-1.000E+00
-5.000E-01
-1.000E+00
1.229E-22
4.898E+01
3.197E-14
1.836E-01
5.621E-14
3.334E-15
1.491E-17
1.922E-16
7.030E-13
2.460E+00
6.479E-14
8.223E-16
3.199E-19
3.286E-03
-8.739E-05
9.994E-01

-8.000E-01
-3.761E-20
-1.038E+00
1.000E+00
-1.000E+00
-1.500E+00
-8.340E-01
-3.040E+02
2.000E+00
-5.000E-01
9.998E-01

1.
3.846E-14
5.043E-02
2.500E-28
2.667E+00

-1.913E+00
2.516E-23
-1.732E+00
-1.000E+00
-5.000E-01
-1.000E+00
1.229E-22
4.898E+01
3.197E-14
1.836E-01
5.621E-14
3.334E-15
1.491E-17
1.922E-16
7.030E-13
2.460E+00
6.479E-14
8.223E-16
3.199E-19
3.286E-03
-8.739E-05
9.994E-01
-8.000E-01
4.544E-27
-1.000E+00
3.024E+01
-1.000E+00
-1.500E+00
-8.340E-01
-3.040E+02
2.000E+00
-5.000E-01
9 999E-01
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10.
3.846E-14
5.043E-02
2.500E-28
2.667E+00

-1.913E+00
2.500E-23
-1.732E+00
-1.000E+00
-5.000E-01
-1.000E+00
1.229E-22
4.8984E+0
3.197E-14
1.836E-01
5.621E-14
3.334E-15
1.491E-17
1.922E-16
7.030E-13
2.460E+00
6.479E-14
8.223E-16
3.199E-19
3.286E-03
-8.888E-05
4.897E+01
-8.000E-01

-1.500E+00
-8.340E-01
-3.040E+02
2.000E+00
-5.000E-01
9.998E-01

100.
3.846E-14
5.043E-02
2.500E-28
2.667E+00

-1.913E+00
3.426E-13
-1.732E+00
-1.000E+00
-5.000E-01
-1.000E+00
1.229E-22
4.898E+01
3.197E-14
1.836E-01
5.621E-14
3.334E-15
1.491E-17
1.922E-16
7.030E-13
2.460E+00
6.479E-14
8.223E-16
3.199E-19
3.286E-03
-8.727E-05
4.897E+01
-8.000E-01

-1.500E+00
-8.340E-01
-3.040E+02
2.000E+00
-5.000E-01
9.998E-01

1000.
3.846E-14
5.043E-02
2.500E-28
2.667E+00

-1.913E+00
4.174E-13
-1.732E+00
-1.000E+00
-5.000E-01
-1.000E+00
1.229E-22
4.898E+01
3.197E-14
1.836E-01
5.621E-14
3.334E-15
1.491E-17
1.922E-16
7.030E-13
2.460E+00
6.479E-14
8.223E-16
3.199E-19
3.286E-03
-3.704E-08
4.897E+01
-8.000E-0!

-1.000E+00

-1.500E+00
-8.340E-01
-3.040E+02
2.000E+00
-5.000E-01
9.999E-01




Table 7. Comparison of the number of cost function evaluations for different
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219
220

221
222
223
224
225
226

227
Total

initial penalty constant values

239

nf
26
22
3
3
11
56
338
6
17
294
7
22
14
10
16
11
15
49
187
19
33
17
114
55
161
167
272
111

22951095

191

65
27
152
103
5
7
65
209

78403788

251 123
131 47
641 217
25671967
9 27
304 152
106 48
15 5
19 7
117 65
232 116

71813991

71

10
nfp nf
64 26
S0 22
19 7

27 11
191 105
206 102

258 126

77 37
13 5
19 7
162 80
243 121

4268 1904

19 7
131 65
119 59

39951829

119 49
457 187

39 19

42152052




Table 8. Comparison of different variable metric matrix update optimization

performance
Update 1 Update 2 Update 3 Update4

ky nfp nf nfp nf nfp  nf nfp nf
05 2459 942 2409 914 2400 913 2451 930
10 2378 899 2422 919 2384 899 2442 921
15 2390 907 2437 932 2360 891 2426 915
20 2376 897 2409 924 2389 906 2439 920
.25 2377 898 2326 879 2390 905 2446 921
.30 2384 901 2436 927 2394 905 2452 923
35 2387 906 2271 856 2395 902 2458 921
40 2377 898 2279 860 2380 901 2467 932
45 2385 900 2269 844 2400 909 2513 950
.50 2368 891 2296 847 2382 899 2460 929
.55 2372 893 2398 889 2410 911 2476 935
.60 2386 901 2547 934 2378 899 2460 931
.65 2381 898 2677 984 2364 891 2431 914
.70 2390 905 28451030 2382 897 2447 918
75 2383 898 31701139 2368 893 2429 912
.80 2384 899 34381219 2428 921 2483 938
85 2382 899 42091474 2392 901 2442 915
.90 2383 898 4844 1689 2379 894 2441 914
95 2384 899 61942127 2391 904 2451 922
1.00 2379 896 94303191 2375 894 2485 932
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Table 9. Comparison of final cost function value

EN Schittkowski Update 1 Update 2 Update 3 Update4
1 .2584E-07 S5163E-12 .1577E-15 .5163E-12 .5163E-12
2 2844E+02 .5043E-01 .5043E-01 .S043E-01 .5043E-01
3 .1792E-22 .2500E-27 .2500E-27 .2500E-27 .2500E-27
4 .2667E+01 .2667E+01 .2667E+01 .2667E+01 .2667E+01
5 -.1913E+01 -.1913E+01 -.1913E+01 -.1913E+01 -.1913E+01
6 1913E-12 .2975E-20 .1758E-17 9420E-19 .1013E-14
7 -.1732E+01 -.1732E+01 -.1732E+01 -.1732E+01 -.1732E+01
8 .1000E+01 .1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
9 -.5000E+00 -.5000E+00 -.5000E+00 -.5000E+00 -.5000E+00
10 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
201 .0000E+00 1229E-21 .1229E-21 .1229E-21 .1229E-21
202 4898E+02 A4898E+02 4898E+02 4898E+02 A898E+02
203 .7808E-08 3197E-13 3197E-13 .3197E-13 3197E-13
204 .1836E+00 .1836E+00 .1836E+00 .1836E+00 .1836E+00
205 .1562E-07 .5621E-13 .1062E-15 .5621E-13 .5621E-13
206 .2192E-10 .3334E-14 .3334E-14 3334E-14 .3334E-14
207 .2703E-07 .1491E-16 .1078E-17 .1491E-16 .1491E-16
208 1122E-07 1922E-15 .1123E-16 .1922E-15 1922E-15
209 .6137E-05 .7030E-12 .1209E-12 .7030E-12 .7030E-12
210 .2485E+00 .2460E+01 .2460E+01 .2460E+01 .2460E+01
211 4781E-08 .6503E-13 3722E-16 .6503E-13 .6503E-13
212 .1651E-09 .8223E-15 .8343E-17 .2276E-15 .1776E-12
213 .7429E-07 .3199E-18 2124E-20 .1644E-23 .1644E-23
214 .7346E+00 .3286E-02 .6899E-02 4847E-02 .4007E-02
215 -.2659E-08 -.2804E-17 -.1384E-11 -2804E-17 -.6468E-14
216 4897E+02 .9994E+00 9994E+00 9994E+00 .9994E+00
217 -.8000E+00 -.8000E+00 -.8000E+00 -.8000E+00 -.8000E+00
218 .0000E+00 -.6536E-25 .2088E-25 .5364E-25 .5364E-25
219 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
220 .1000E+01 .1000E+01 .1000E+01 .1000E+01 .1000E+01
221 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
222 -.1500E+01 -.1500E+01 -.1500E+01 -.1500E+01 -.1500E+01
223 -.8340E+00 -.8340E+00 -.8340E+00 -.8340E+00 -.8340E+00
224 -.3040E+03 -.3040E+03 -.3040E+03 -.3040E+03 -.3040E+03
225 .2000E+01 .2000E+01 .2000E+01 .2000E+01 .2000E+01
226 -.5000E+00 -.5000E+00 -.5000E+00 -.5000E+00 -.5000E+00
227 .1000E+01 .1000E+01 .1000E+01 .1000E+01 .1000E+01
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Table 10. Comparison of required number of cost function evaluations

Schittkowski Update 1

FN nfp nf nfp nf
1 24 57 22

2 16 50 21

3 10 19 6
4 2 7 2

5 8 24 9

6 10 26 9

7 12 32 11

8 5 17 6

9 6 32 17
10 12 35 12
201 5 15 6
202 17 4 21
203 12 36 13
204 7 22 9
205 14 42 15
206 10 25 10
207 14 39 14
208 47 119 48
209 179 457 186
210 263 35 18
211 26 77 32
212 22 41 16
213 52 326 113
214 169 107 54
215 7 22 7
216 12 41 18
217 9 25 8
218 14 118 39
219 18 87 18
220 63 187 62
221 29 79 26
222 7 19 6
223 9 30 11
224 4 13 4
225 7 19 6
226 7 27 10
227 6 17 6
Total 1134 2368 891

Table 11. Jet tip velocity results for the original and optimized designs

Original

Optimized

PA
8.26
10.1

1

74

Update 2

nfp
67
54
55
7
24
29
30
17
37
35
15

36

CALE

nf
26
21
18
2
9
10
11
6
16
12
6
21
13
9
14
10
15
46
163
18
32
15
85
41
7
30
8
25

B~ »—
(o Werle W NN No We o K]

8.38

9.79

Update 3
nfp nf
57 22
59 24
19 6
7 2
24 9
25 8
31 12
17 6
32 17
35 12
15 6
44 21
36 13
22 9
42 15
25 10
39 14
119 48
457 186
35 18
77 32
36 15
401 138
82 45
22 7
51 22
25 8
64 21
87 18
175 58
79 26
19 6
30 11
13 4
19 6
27 10
17 6
2360 891

Experiment

8.4
9.8

Updated

nfp
57
48
19

218
79
19
33
13
19
27
17

nf
22
21

2429 912
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Figure 1. Initial shaped charge configuration
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Figure 2. vinear collapse and jet formation
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Figure 3. Continuum solution of linear collapse and jet formation of the BRL 81 mm
precision shaped charge using the arbitrary Lagrange Eulerian program

CALE

76




x10 ©
.400 T y g i ]

? L ./JWL ClJ State J
= | ——BKWR Cl State

o 300 *———JCZ3 CJ State B
~,

N— F ]
o ]
< .2C0 - .
o r :
2 b
S 100 L BKWR Isentrope B
~ \\/JCZB Isentrope
g ] JWI I.;entrope ]

.OOO’r
000 1. 00\) 2.0C0 3.000

Specific Volume (cc/g) xw0 °
Note: Thermochemical calculations (BKWR) and JCZ3) agree fairly well with the
standard JWL.
Figure 4. Pressure versus specific volume for the principle isentrope of octol 75/25
below the Chapman-Jouguet state
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Figure 5. Pressure versus volume for the principle isentrope and reactive Hugoniot of
octol 75/25 above the Chapman-Jouguet state
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Figure 7. Pressure versus specific volume for the principle isentrope of octol 75/25
below the Chapman-Jouguet state
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Figure 8. Plots of pressure versus specific volume for the principle isentrope and
reactive Hugoniot of octol 75/25 above the Chapman-Jouguet state
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Figure 10. Cylinder expansion test finite element computation at 6 us intervals
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Figure 11. Experimental streak photography result of displacement versus time for the
cylinder expansion test
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Figure 12. Dynamic finite element and experimental displacement versus time for the
cylinder expansion test

Figure 13. Taylor heavy long cylinder expansion due to high explosive detonation
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Figure 14. Products linear radial velocity distribution cylinder expansion due to high
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Figure 15. Products constant spherical surfaces distribution cylinder expansion due to
high explosive detonation
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Figure 19. Comparison of finite element and analytic models predicted cylinder wall
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Figure 20. Finite element predicted cylinder wall velocity versus cylinder radius at
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Figure 23. Sandwich wall velocity versus wall displacement
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Figure 26. Comparison of liner profiles
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Figure 28. Jet radius versus jet axial position at 50 us
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Figure 31. Optimized detonation wave shaping design
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Figure 32. Jet velocity versus initial liner position
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Figure 34. CALE calculated material boundaries, mesh, position, and 100 Kbar
pressure contours of the original design at 10 us intervals
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Figure 35. CALE calculated material boundaries, mesh position, and 100 Kbar
pressure contours of the optimized design at 10 us intervals
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Figure 36. Jet tip region x-rays of the original and optimized shaped charge jets
at approximately 7 OD standoff
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SYMBOLS

Shaped Charge Modeling Symbols:

P

u

AH

A, Ri,.C Ay,
Bai Ry

¢j

Udet

]

Il

i}

Pressure

Density

Ratio of specific volume to initial specific volume

Specific internal energy divided by initial specific volume
Gruneisen parameter

Adiabatic gamma

Sound speed

Detonation Velocity

Mass velocity

Heat of detonation

Equation of state constants
Isentropic
Chapman-Jouguet state
Initial conditions

Liner sweep velocity

liner coliapse velocity

Final liner co llapse velocity
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SYMBOLS (cont)

Vin = Liner collapse velocity with respect to the collapse point

Vg = Collapse point velocity

Vj = Jet velocity

Vs = Slug velocity

Vip = Jet tip velocity

o = Initial liner angle

) = Liner collapse velocity vector angle

B = Liner collapse angle

0] = Detonation incidence angle

V! = Charge to mass ratio

C = Charge mass

M = Wall mass

N = Tamping mass

m = Liner mass

Equr = Gurney energy

n = Spatial geometry constant (0 for rectilinear, 1 for cylindrical, and
2 for spherical)

z = Axial position of a Lagrangian jet element

104




S

t

i

SYMBOLS (cont)
Jet radius
Initial liner radial position
Liner radial position
Mass velocity with respect to D
Specific internal energy
Wall angle

time

Parametric Optimization Symbols:

G

=

=

>

I

H

i

i

il

Cost function

Equality constraints

Inequality constraints
Optimization variables

Optimal solution

Lagrangian function

Equality Lagrange multipliers
Inequality Lagrange multipliers
Merit function

Variable metric matrix
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R

SYMBOLS (cont)

Upper triangular Cholesky factorization of H (H = RTR)

Shaped Charge Optimization Symbols:

Tiner
Tliner
Zi
Micalc
Midet
Vicalc

Videf

M

1

n

i

]

1}

Liner inside radial position
Liner thickness

Axial jet position
Calculated jet radius
Defined jet radius
Calculated jet velocity
Defined jet velocity

Original liner axial position
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ALE

BFGS

BKW

BRL

CYLTEST

EFP

FN

Hemi's

JCZ3

JWL

JWLB

NLPQL

NLQPEB

P-E-R

TIGER

GLOSSARY

Arbitrary Lagrange Eulerian

Broyden, Fletcher, Goldfarb, and Shanno update

Becker-Kistiakowsky-Wilson

Ballistic Research Laboratory
Mathematical cylinder test model
Explosively formed penetrators

Problem number

Hemispherical shaped charges
Jacobs-Cowperthwaite-Awisler
Jones-Wilkens-Lee
Jones-Wilkens-Lee-Baker equation of state
Nonlinear programming computer program
Nonlinear optimization program

Pugh, Eichelberger, and Rostoker theory

Thermochemical potential calculations
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APPENDIX A

MERIT FUNCTION PERFORMANCE
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This section presents a computer printout of the merit function performance for
the three different merit functions and four different variable metric matrix updates. ki
is the value of the variable metric matrix update parameter. FN is the problem number.
Zn is the solution cost for the update n. nfpn is the number of cost function evaluations
including cost function evaluations required for partial derivative calculations. nin is
the number of cost function evaluations not including evaluations required for partial
derivative calculations.
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10
201
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203
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207
208
209
210
211
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213
214
215
216
217
218
219
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224
225
226
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: .05
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4898E+02
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.1836E+00
5621B-13
3334E-14
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2460E+01
6503E-13
8223E-15
3199B-18
3286E-02
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Merit Function |
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Menit Function 3
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ki: .08

N nfpl
1 57

2 50

3 1]

4 7

5 24

6 26
7 42

8 17

9 32
10 35
201 15
202 44
203 6
204 n
208 4?2
206 25
207 39
208 119
209 457
210 35
21 7
212 41
213 326
214 107
215 22
216 o
217 25
218 X
219 K7
220 191
2 79
222 19
223 30
224 13
228 19
226 16
227 17
ADD 2459

Merit Function 1

nfl  nfp2
2 57
21 49
6 25
27
9 2
9 29
17 42
6 17
17 23
12 3s
6 15
21 44
13 36
v 2
15 42
1025
14 39
48 119
186 457
18 35
3276
16 42
113 401
54 101
719
6 73
825
19 67
w87
64 175
2% 79
6 19
no o3
4 1
6 19
15 23
6 17

nf2
2
20

138

6

nfp3
57
54
19
7
24
25
43
17
2
35
15
44
36
22
4
25
39
19
457
35
7
2
401
15
2
38
28

87
175

19
30
17

22
25

13
6

ts
22
45
25
64
114
202
79
19
33
13
19
31
17

942 2409 914 2400 913 2451

nf4
22
25

~N

6

nfpl ofl
88 37
50 21
13 8
2694 2093
24 9
26 9
50 17
16 5
32 17
35 12
15 6
44 21
3 13
22 9
42 15
25 10
39 14
119 48
457 186
35 18
77 3
41 16
326 113
107 54
24 9
47 20
25 8
118 39
87 18
191 64
79 26
po] 9
33 14
2683 2082
2682 2081
3% 15
17 6

Mcrit Function 2

afp2 nf2 nfp3 af3
88 37 8 37
49 20 2049 1580
i3 8 13 8
2694 2093 2694 2093
24 9 24 9
29 10 25 8
54 21 50 17
16 S 16 5
23 12 32 17
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87 18 87 18
175 58 175 358
79 26 79 26
22 9 2 9
31 14 33 14
2683 2082 2683 2082
2682 2081 1963 1522
23 8 30 15
17 6 17 6

nfpd nf4
88 37
2040 1573
13 8
2694 2093
24 9
25 8
50 17
16 5
54 27
s 12
15 6
44 21
36 13
22 9
42 15
25 10
39 14
119 48
457 186
35 18
77 32
42 17
401 138
115 S8
35 18
4 19
25 8
64 21
102 21
202 67
79 26
22 9
29 10
2683 2082
1972 1529
31 16
17 6

930 10457 7174 10438 7165 11741 8178 11813 8206

113

nfpl nfl
64 25
50 21
19 6

7 2

27 10
22 7
689 342
16 5
29 16
S88 293
15 6
4 21
36 13
22 9
42 15
25 10
39 14
119 48
457 186
35 18
77 32
41 16
326 113
107 54
323 160
1260 881
544 271
239 {10
2141 940
191 64
79 26
304 151
211 102
13 4
19 [
332 167
347 208
8899 4372

Ment Function 3

nfp?
64
49

119
457
35
76
42
401
10t
323
316
544
258
2230
175

303
347

o2
25
20

8

2
10
3]
388

138
52

203
271
127
1029

150
208

nfp3
64
54
19
7
b2
25
679
16
29
588
15

&

4?2

39
119
457

35

4?2

115
323
386
544
275
1779
175
79
304
2n
13
19
303
347

25
25

10

338

293

138
726
58
26
151
102

150
208

8222 3867 7735 3564

nfpd  nfd
64 25
54 25
19 6

7 2
27 10
25 8
462 239
16 5
36 19
1979 1378
15 6
44 21
36 13
22 9
42 15
25 10
39 14
119 48
457 186
35 18
7 32
42 17
401 138
115 58
323 160
450 297
547 272
339 170
1611 638
202 67
79 2
304 151
244 119
13 4
19 6
325 164
405 238
9019 4614




Ment Function | Ment Function 2 Menit Functron 3
N 71 22 73 ¥/ Z1 72 73 Z4 7 72 Al /A .
1 S163E-12  S163FE-12 5163512 S163E-12  757SE-14 7575114 7S7SE-14  T575E-14  3846F-13 IRA6J.11 W46l 14 aKdol- L3
2 SO043E-0t  .SO43E-0] SO43E-01 .S043E-01 .S043E-01 .SO043E-01 . S043E-01 .S043E-01 504301  S043E-07 . S0331.-01 SO43E-01
3 2500E-27 2501E-27 .2500E-27 .2500E-27 .1175E-02 .117SE-02 .117SE-02 .1175E-02 2500E-27 .2501E-27 2500k 27 2500K-27
4 2667E+01 2667E+01 2667E+01 .2667E+01 .2670E+01 .26T0E+01 2670E+01 2670E401 .2667E+01 .266TE+01 26671401  26671-+0)
5 -1913E401 -.1913E+401 -.1913E+01 -.1913E+01 -.1913E+01 -.1913E+01 -1913E4+01 -.1913E401 -.1913L+01 - 1913E+01 - 1913E+01 191340
6 .2503E-22 2163E-22 4017E-16 .1013E-14 .2503E-22 .2163E-22 4017E-16 .1013E-14 4B44E-20 .6336L-23  4017k-16  1013E-14
7 -1732E+01 -1732E401 -.1732E+01 -.1732E401 -.1732E+01 -.1732E+0] -1732E+01 -.1732E401 -1732E+01 -.1732E+400 - 1732E+01 - 1732E+01
8 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01 - 1000E+01 -.1000E+01 - 1000E+0]1 -.1000E+401 - 1000E+01 - 1000E+01
9 -S5000E+00 -.5000E+00 -.5000E+00 -.5000E+00 -.S000E+00 -.5000E+00 - 5000E+00 -.S000E+00 -.S000E+00 - S000E+00 - 5000E+00 - SO0 +00
10 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01 - 1000E+01 -.1000E+01 -.1000F+01 - 1000E+01 - [X001+01 - 999TE+00
201 .1229E-21 .1229E-21 .1229E-21 .1229E-21 .1229E-21 .1229E-21 .1229E-21 .1229E-21 .1229E-21 .1229E-21 1229021 (1229E-21
202 A898E+02 .4898E+02 4898E+02 .4898E+02 .4898E+02 .4898E+02 .4898E+02 .489BE+02 .4898E+02 .4898E+02  J4RUKEH02  4KIKE+02
203 3197E-13 3197E-13  3197E-13 3197E-13 .3197E-13  3197E-13  3197E-13  3197E-13 3197E-13  3197E-13 3197613 3197E-13
204 .1836E+00 .1836E+00 .I836E+00 .1836E+00 .1836E+00 1836E+00 .1836E+00 .1836E+00 .1836E+00 .1836E+00 _18360:+00 .1¥36FE+00
205 .5621E-13  5621E-13 5621E-13 .5621E-13 .5621E-13 .5621F-13 .S621E-13 .S621E-13 .5621E-13 .S621E-13 S621F-13  5621E-13
206 .3334E-14 3334E-14 3334E-14 .3334E-14 3334E-14 .3334E-14  3334E-14 3334E-14 .3334E-14 3334E-14  3334[-14 3WE-14
207 .1491E-16 .1491E-16 .1491E-16 .1491E-16 .1491E-16 .1491E-16 _.1491E-16 .1491E-16 _.1491E-16 .1491E-16 .i491k-16  1491K-16
208 .1922E-15 .1922E-15 .1922E-15 .1922E-15 .1922E-15 .1922E-15 .1922E-15 .1922E-15 .1922E-15 .1922B-15 .1922E-15  .1922E-15
209 7030E-12 .7030E-12 .7030E-12 .7030E-12 .7030E-12 .7030E-12 .7030E-12 .7030E-12 .7030E-12 .7030FE-12 7030t 12 J030E-12
210 2460E+01 2460E+01 2460E+01 .2460E+01 .2460E+01 .2460E+01 2460E+01 2460E+01 24601401 .2460L401 24601401 24060401
211 .6503E-13 .359SE-16 .6503E-13 .6503E-13 .6503B-13 .3595E-16 6503E-13 6503E-13 .6503K-13  .3595E-16 .6503k-13 .6503E-13
212 .8223E-15 .7835E-14 2995E-14 .2995E-14 .B223E-15 .7835E-14 2995E-14 .299SE-14 .8223E-15 .7835F-14 .299SE-14 2995E-14
213 3199E-18 .1644E-23 .1644E-23 .1644E-23 .3199E-18 _.1644E-23 [1644E-23 .1644E-23 3199E-18 . 1644E-23  1644K-21  [644E-23
214 3286E-02 2998E-02 .3464E-02 .3464E-02 .3286E-02 .2998E-02 .3464E-02 .3464E-02 .3286-02 .2998E-02 .1464E-07 3464F-02 -
215 -2804E-17 A756E-23 -2804E-17 -.6468E-14 -3074E-10 -2040E-13 -3074E-10 -3561E-14 -8739E-04 -8740E-04 -.8739E-04 -8741L-04
216 9994E+00 .9994E+00 999E+00 .9994E+00 .9994E+00 .9994E+00 9994E+00 9994E+00 .9994E+00 .9994E+00 .99931:+00 .9994E+00
217 -.8000F+00 -.8000E+00 -.8000E+00 -.8000E+00 -.8000E+00 -.8000E+00 - 8000E+00 -.8000E+00 -.8000E+00 -.8000E+00 - BON0E+00 - 8000VE+00
218 -6536E-25 -.1797TE-25 .5364E-25 .5364E-25 -6536E-25 -.1797E-25 .5364E-25 .5364E-25 -.3761E-19 -.2923E-11 -.1174E-20 -.1405E-21
219 -.1000E+01 -.1000E+0]1 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+0} -.1000E+01 -.1038E+01 -.1000E+01 .1006E+01 -.9986F+00
220 .1000E+Q01 .1000E+0! .1000E+0i .1000E+01 .1000E+01 .1000E+01 .1000E+01 .1000E+0! .1000E+01 .1000E+01 .1000E+01  1000L+01
221 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+0] -.1000E+01 -.1000E+0} -.1000E+01 -.1000E+01 - 1000E+01
222 -.1500E+01 -.1500E+01 -.1500E+01 -.1500E+01 -.1500E+01 -.1500E+01 -1500E+01 -.1500E+01 -.1500E+01 -.1500E+01 -.1500E+01 -.1500k:+01
223 -8340E+00 -8340E+00 -.8340E+00 -.8340E+00 -.B340E+00 -.8340E+00 -8340E+00 -.8340E+00 -.8340E+00 -.8340E+00 -.83401:400 - 8340K+00
224 -.3040E+03 -30M0E+03 -3040E+03 -.3040E+03 -.3037E+03 -.3037E+03 -3013E+403 -2997E+03 -.3040E+03 -.3040E+03 -.3040L+03 - 304013403
225 .2000E+01 2000E+01 2000E+01 .2000E+01 .2004E+01 .2006E+01 2002E+01 2002E+01 2000E+01 .2000E+0] .2000F+01 2000k+01
226 -.S000E+00 -.S000E+00 - S000E+00 -.5000E4+00 -.5000E+00 -.5000E+00 - S000E+00 -.S000E+00 -.S000E+00 -.S000E+00 - S000E+00 - S000L.+00
227 .1000E+01 .1000E+01 1000E+01 .1000E+01 .1000E+01 .1000E+01 .1000E+01 .1000E+01 .9998E+00 9998FE+00 .9998L+00 Y9EE+00




pdir]
204
204
208
206
207

224
228
226
227

nfpl

1Y

457
35
T
41

e

is
7

13
34
7
22
]
W
11 ]
S8
26
6
n
4
6
14
6

Merit Function |

nfp2 nf2
571 22
s1 22
28 9
7 2
24 9
9 10
a2 17
17 6
22
35 12
15 6
4 21
3% 13
22 9
42 15
25 10
3 1
119 48
457 186
35 18
76 31
0 17
401 138
104 353
22 7
6 ¥
25 8
67 22
LN}
IR4 61
79 26
19 6
LI T )
13 4
19 6
23 8
17 6

nfpld
57
63

119
457
35
77
43
401
104
22
37
25
64
N7
175
79
19
30
13
19
24
17

138

> © > »

119

e

Al

33
13
19
30
17

nf4 afpl afl
22 88 37
26 S0 21
6 13 8
2 2694 2093
9 24 9
8 29 10
11 52 19
6 16 5
16 32 17
12 35 12
6 15 6
21 4 2
1336 13
9 22 9
15 42 15
10 25 10
! 3 1
48 119 48
186 457 186
18 35 18
32 17 3N
18 41 16
138 326 113
53 107 5S4
7 24 9
15 47 20
8 25 8
21 118 9
28 87 I8
69 175 S8
26 19 26
6 22 9
14 33 14
4 2683 2082
6 2682 2081
15 35 14
6 17 6

Merit Function 2

88 37
51 22
13 8
2694 2093
24 9
29 10
54 23
16 5
22 9
35 12
15 6
4 21
36 13
22 9
42 15
25 10
3 1
119 48
457 186
35 18
76 31
40 17
401 138
104 53
25 10
44 19
25 8
67 22
87 18
184 61
79 26
22 9
31 14
2683 2082
2682 2081
23 8
17 6

ADD 2378 R99 2422 919 2384 899 2442 921 10445 7170 10450 7171

115

nfp3 af3 nfpd nfd
88 37 88 37
63 26 63 26
13 8 13 8
2694 2093 2694 2093
24 9 24 9
25 8 25 8
50 17 47 16
16 5 16 5
32 7 53 28
35 12 35 12
15 6 15 6
4 21 4 21
36 13 36 13
22 9 22 9
42 15 42 15
25 10 25 10
3 1 3 1
119 48 119 48
457 186 457 186
35 18 35 18
7732 77 32
43 18 43 18
401 138 401 138
104 53 104 53
24 9 35 18
4 19 4 19
25 8 25 8
64 21 64 21
87 18 102 21
175 58 206 69
9 2 79 26
22 9 22 9
33 14 29 10
2683 2082 2683 2082
1954 1515 1972 1529
24 9 30 15
17 6 17 6

119
457
35
77
41
326

323
253

239
2295
175
79
304
211
13
19
117
347

48
186
18
32

13

1094
ht
26

151
102
4

6
64
208

9730 6607 9823 6656 7864 3745

Menit Function 3

nfp2 nf2
64 25
51 22
28 9
7 2
27 10
76 37
648 321
16 S
015
588 293
15 6
44 2)
36 13
22 9
42 1S
25 10
3 1
119 48
457 186
35 18
76 31
40 17
401 138
104 53
323 160
762 518
Sa4 271
757 376
1601 748
184 61
79 26
304 151
211 102
13 4
19 6
299 148
347 208
8433 4094

afp3
64
63
19
,
27
25
665
16
29
588
15

36
22
42
25

19
457
35
77
43
401

323
158
544
275
2164
175

347

El
(]

|

(3]
W

[T - )

332

16
293

21
13

15

48

18
32
18
138
53

1ot
m
138
963
58
26
151
102
4

6
148
208

X2S

457

378
405

48
186
18
32
18
138

197
238

7873 3640 7905 3676




Merit Function | Merit Function 2 Ment Function 8
Nz 22 23 2 z1 22 23 24 7 22 2 /4

I 5163E-12 3T17E-12 S163E-12  5163E-12 .757SE-14 .1846E-15 757SE-14 7S75E-14 3K46E-13 IR46E-13 3ok 13 iKd6h 13
S043E-01 .SO43E-01 S043E-01 .5043E-01 .5043E-01 .S043E-01 5043E-01 S043E-01 .S043E-01 504301 S043k-01  S043E-0t
2500E-27 .2501E-27 .2500E-27 .2500E-27 .1175E-02 .1175E-02 .1175E-02 .1175E-02 2500E-27 2501127  .25008-27 . 25008-27
2667E+01 266TE+01 .266TE+0t .266TE+01 .2670E+01 .2670E+01 I26TOE401 267T0E+01 26671401 2067k+01 2067E+01  2667H401
- 1913E+0) -.1913E+01 -.1913E401 - 1913E+01 -.1913E+01 -.1913E+01 -.1913E401 -.1913E+01 -.1913E401 1913401 - 1913E401 - 19131401}
2398E-22 .2759E-22 .1264E-12 .1013E-14 .2398E-22 .2759E-22 1264E.12 _.JO013E-14 6HYKE-1S TROSK-22 _1264E-12  1013[:-14
-1732E401 -.1732E401 -.1732E401 - 1732E+01 -.1732E+01 -.1732E+01 -.1732E401 -1732E401 -1732E40] -.17320401 - 1732E401 - 1732EK+01
-.J000E+01 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+0! -.1000E+01 - 1000E+01 - 1000E+01 - 1000E+01 - 1000E+01
- S000E+00 - 5000E+00 - SO00E+00 - S000E+00 -.S000E +00 -.5000E+00 - SO00E +00 -.S000E+00 - 5000E+00 - SG00E+00 - SO00E+00  SO00E+00
0 - 1000E+01 -.1000E+01 -.1000E+0] - 1000E+01 -.1000E+01 -.1000E+01 - 1000E401 -.i000E+01 - 1000E401 - 1000F+01 - 1000E+01 - 1000E+01
201 1229E-21  1229E-21  .1229E-2)  1229E-21  (1229E-21 .1229:3-21 0 1229E-21 0 229E-210 1229E-2) 0 1229R.210 1229121 1229E-21
202 4HIRE+02 489RE402 AR9BE+02 4898E+02 .4RYBE+02 4R9RE+02 489BE+02 489BL:+02 4BYBL+02  JHYRE402  489BE+02  4x98E+02
203 3197E-13 3197E-13  3197E-13  3197E-13  3197E-13 .3197E-13  3197E-13  3197E-13  3197F13  39TE-13 319713 39TE-13
204 1836E+00 .1B36E+00 .1836E+00 .1836E+00 .1836E+00 .1836E+00 .1836E+00 .1836E+00 1836E+00 1K36E+00 1836L+00 1K360:+00
205 .S621E-13 .S621E-13 .S621E-13 .5621E-13 .5621E-13 .5621E-13 5621E-13 .5621E-13 .S621FE-13 5621113  S621E-13  S62IE-13
206 .3334E-14  3334E-14 3334E-14 .3334E-14 .333E-14 3334E-14  3334E-14  3334E-14  33WE-14  1334E-14  3334E-14 . 3334B-14
207 .1491E-16 .1491E-16 .1491E-16 _.1491E-16 .1491E-16 .1491E-16 _.1491E-16 .1491E-i6 .1491E-16 1a91E-16 . 1491E-16 .1491E-16
208 .1922E-15 .1922E-15 .1922E-15 .1922E.15 .1922E-15 .1922F-15 .1922E-15 .1922E-15 .1922E-1S 1922E-15 .1922E-15 .1922E-15
209 JO30E-12 .9661E-13 .7030E-12 .7030E-12 .7030E-12 .9661E-13 _7030E-12 .7030E-12 .7030E-12 9661E-13 .J030E-12 .7030E-12
210 2460E+01 .2460E+01 2460E+01 .2460E+01 .2460E+01 .2460E+0f 2460E+01 2460E+0! .2460FE+01 2460E+01 2460E+01 .2460E+0]}
211 5S03E-13  2825E-16 .6503E-13 .6503E-13 .6503E-13 .2825E-16 6503E-13 .6503E-13 .6503E-13  2R250-16 .6S03E-13 .6503E-13
212 .8223E-1S .3621E-17 .2570E-13 .2570E-13 .8223E-15 .362)E-17 2570E.13 2S70E-13 8223E-15 .3621E-17 .2570E-13 .2570E-13
213 3199E-18 .1644E-23 .1644E-23 .1644E-23 .3199E-18 .1644E-23 .1644E-23 .1644E-23 3199F-18 .1644E.23 .1644E-23 1644E-23
214 3286E-02 .1812E-02 2273E-02 .2273E02 .3286E-02 .1812E-02 2273E02 2273E-02 .32R6k-02  1K12E02 .2273E-02  2273E-02
215 -2804E-17 .1092E-21 -2804E-17 -6468E-14 -.3074E-10 -.1305E-10 -3074E-10 -3561E-14 -R739E-04 - 4740104 -8TWIi-04 - 87420:-04
216 9994E+00 9994E+00 .9994E+00 .9994E+00 .9994E400 .9994E+00 .9994E+00 .9994F.:00 9994E+00 9994E+00 9994E+00 9994E+00
217 -.8000E+00 -.8000E+00 -.8000E+00 -.8000E+00 -.8000E+00 -.BO0OE+00 - 8000E+00 -.8000E+00 - 8000400 - KOO0E+00 - 8000E+00 - 80UOE+00
218 -6536E-25 .1565E-26 S5364E-25 .5364E-25 -.6536B-25 .1565E-26 5364E.25 .S364E-25 -3761E-19 -2038E-10 - 1174E-20 - 1405E-21
219 -.10006+01 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+0! -.1000E+0] -.100DE+01 -.1000E+D] - 10005401 - 1000L+0] - 1000E+01 - 9990 +00
220 .1000E+01 .1000E+01 .1000E+01 .1000E+01 .1000E+0]1 .1000E+01 .1000E401 .1000E+01 .1000E+0t .1000E+01 .1000E+01 10006401
221 - 1000E+0] -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01 -1000E+01 - 1000E+01 - 1000E+0) - 1000k:401 - 1000E+01 - 1000E+0]
222 - 1500E+01 -.1500E+0t -.1500E+01 -.1S00E+01 -.1500E+01 -.1500E+01 - 1500E+01 -.1500E+01 - 1500E+01 - 1500E401 -.1500E4+01 - 1 500F+01
223 -8340E+00 -.8340E+00 -.3340E+00 - 8340E+00 -.8340E+00 -.8340FE+00 -.8340F400 - 8340E+00 - 8340F+00 - 8340E+00 - 83401400 - K340E+00
224 -3040E+03 -.3040E+03 -.3040E+03 - 3040E+03 -.3037E+03 -3037E+03 -3021E+03 -2997E+03 - 3040E+03 - 30405403 - 3040E4+03 - 3040F+0)
225 2000E+01 2000E+01 .2000E+01 2000E+01 .2005E+01 .2006E+01 2002E+01 2002E+01 2000E+01 .2000E+01 2000E+01 2000E+0)
226 -SO00E+00 -.SO00E+00 -.SO00E+(0 -.S000E+00 -.35000E+00 -.5000E+00 - SO000E+00 -.S000E+00 - 5000E+00 -.S000E+D0 - .5000E+00 - 4876E+00
227 .1000E+01 .1000E+01 .1000E+01 .1000E+01 .1000B+01 .1000E+01 .1000E+01 .1000E+0! 99YKE+00 9998E+00 99YSE+00 99I8E+00

0 N R w1




ki:

_ 3

X NS a s W N

<

201
pat2d
203
204
205
206
207
208
09
210
21r
212
213
214
218
216
217
218
219
220
21
222
223
224
225
226
227

18

nfpl

326
107

4?2
25
1R

113

14
6

Merit Function |

nfp2
54
58
31
7
24
26
34
17
3t
35
15
44
36
22
42
25
39
19

25
17

nf2
2]
25
10

12
6

nfp3
57
24

119
457
35
77
43
401
121

38
25

175

6

119
457

6

nfpl nfl
88 37
50 21
13 8
2694 2093
24 9
30 1)
446 15
16 5
32 17
35 12
15 [
4 21
36 13
22 9
42 15
25 10
39 14
119 48
457 186
35 18
77 32
41 16
326 113
107 54
24 9
47 20
25 8
118 39
87 18
196 69
79 26
2 9
33 14
2683 2082
2682 2081
35 14
17 6

Merit Function 2

nfp2 nf2
82 35
58 25

13 8
2694 2093
24 9
26 9
47 18
16 5

31 14
35 12

15 6
4 21
36 13
22 9
42 15
25 10
39 14
119 48
442 181
35 18
75 30
47 20
401 138
114 59
24 9
44 19
25 8
70 23
87 18
187 62
79 26
22 9
31 14
2683 2082
2682 208}
25 12
17 6

nfpd ofd nfpd ofd
88 37 88 37
24 11 24 11
13 8 13 8
2694 2093 2694 2093
24 9 24 9
22 7 25 8
4 15 46 15
16 5 16 5
32 17 57 30
35 12 5 12
15 6 15 6
44 21 4 21
36 13 36 13
22 9 22 9
42 15 42 15
25 10 25 10
39 14 39 14
119 48 119 48
457 186 457 186
35 18 35 18
77 32 7 32
43 18 43 18
401 138 401 138
121 60 121 60
24 9 35 18
4 19 4 19
25 8 25 8
64 21 64 21
87 18 102 21
175 S8 217 76
79 26 79 26
22 9 22 9
33 14 29 10
2683 2082 2683 2082
1954 1515 1972 1529
24 9 24 9
17 6 17 6

119
457
35
7
41
326
107
323
137

239
2145
189
79
304
211
13
19
334
347

nf]
25
21

(%)

10
45
353

16
293

113
54

80
2N
110

ADD 2390 907 2437 932 2360 891 2426 915 10461 7178 10458 7179 9701 6596 9811 6650 7853 3624
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Ment Function 3

nfp2 nf2
64 25
58 25
3t 10
7 2
27 10
80 39
Si1 254
16 5
31 14
588 293
15 6
4 21
36 13
2 9
42 15
25 10
39 14
119 48
442 181
35 18
75 30
47 20
401 138
114 59
323 160
401 224
544 271
785 390
2168 967
187 62
79 26
304 151
211 102
13
19
295 146
347 208
8545 3976

119 48
457 186
35 18

43 18

121 60
323 160
518 345
544 271
275 138
2145 944

303 150
347 208
8240 3891

nfpd  nf4
64 25
24 N
9 6
7 2
27 10
25 8
630 325
16 5
36 19
1011 550
15 6
44 2
36 13
2 9
42 15
25 10
39 14
119 48
457 186
35 18
77 32
43 18
401 138
121 60
323 160
133 78
547 272
339 170
1934 805
208 69
79 26
304 151
28 1
13 4
19 6
16 67
405 238
7783 3606




APPENDIX B

VARIABLE METRIC MATRIX UPDATE PERFORMANCE
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This section presents a computer printout of the optimization performance for
the four different variable metric matrix updates using the Powell merit function. k1 is
the value of the variable metric matrix update parameter. FN is the problem number.
Zn is the solution cost for the update n. nfpn is the number of cost function evaluations
including cost function evaluations required for partial derivative calculations. nfn is
the number of cost function evaluations not including evaluations required for partial
derivative calculations. The data is presented in the following order:

k1

FN 21 722 73 24

k1

FN nfp1 nf1 nfp2 nf2 nfp3 nf3 nfpd4 nf4
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kl: .05

EN Z1 Z2 Z3 yZ:
1 S163E-12 S163E-12 S163E-12 S163E-12
2 .S043E-01 .5043E-01 .5043E-01 .5043E-01
3 .2500E-27 .2505E-27 2500E-27 .2500E-27
4 .2667E+01 .2667E+01 .2667E+01 .2667E+01
5 -.1913E+01 -.1913E+01 -.1913E+01 - 1913E+01
6 .2486E-22 .2284E-22 .3326E-18 .1013E-14
7 -.1732E+01 -.1732E+01 -.1732E+01 -.1732E+01
8 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
9 -.5000E+00 -.5000E+00 -.5S000E+00 -.5000E+00
10 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
201 .1229E-21 .1229E-21 .1229E-21 .1229E-21
202 .4898E+02 4898E+02 4898E+02 4898E+02
203 3197E-13 3197E-13 3197E-13 3197E-13
204 .1836E+00 .1836E+00 .1836E+00 .1836E+00
205 .5621E-13 .5621E-13 .5621E-13 .5621E-13
206 3334E-14 .3334E-14 3334E-14 .3334E-14
207 .1491E-16 .1491E-16 .1491E-16 .1491E-16
208 1922E-15 1922E-15 .1922E-15 .1922E-15
209 .7030E-12 .7030E-12 .7030E-12 .7030E-12
210 .2460E+01 .2460E+01 .2460E+01 .2460E+01
211 .6503E-13 2117E-15 .6503E-13 .6503E-13
212 .8223E-15 .3959E-14 .1481E-14 .1481E-14
213 3199E-18 .1644E-23 .1644E-23 .1644E-23
214 .3286E-02 4938E-02 3391E-02 3391E-02
215 -.2804E-17 -.2537E-10 -.2804E-17 -.6468E-14
216 .9994E+00 .9994E+00 .9994E+00 .9994E+00
217 -.8000E+00 -.8000E+00 -.8000E+00 -.8000E+00
218 -.6536E-25 -.6223E-25 .5364E-25 .5364E-25
219 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
220 .1000E+01 .1000E+01 .1000E+01 .1000E+01
221 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
222 -.1500E+01 -.1500E+01 -.1500E+01 -.1500E+01
223 -.8340E+00 -.8340E+00 -.8340E+00 -.8340E+00
224 -.3040E+03 -.3040E+03 -.3040E+03 -.3040E+03
225 .2000E+01 .2000E+01 .2000E+01 .2000E+01
226 -.5000E+00 -.5000E+00 -.5000E+00 -.5000E+00
227 .1000E+01 .1000E+01 .1000E+01 .1000E+01
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kl: .05
FN nfpl nfl nfp2 nf2 nfp3 nf3 nfpd nf4
| 57 22 57 22 57 22 57 22
2 50 21 49 20 54 25 54 25
3 19 6 25 8 19 6 19 6
4 7 2 7 2 7 2 7 2
5 24 9 24 9 24 9 24 9
6 26 9 29 10 25 8 25 8
7 42 17 42 17 43 18 32 13
8 17 6 17 6 17 6 17 6
9 32 17 23 12 32 17 29 16
10 35 12 35 12 35 12 35 12
201 15 6 15 6 15 6 15 6
202 44 21 44 21 44 21 44 21
203 36 13 36 13 36 13 36 13
204 22 9 22 9 22 9 22 9
205 42 15 42 15 42 15 42 15
206 25 10 25 10 25 10 25 10
207 39 14 39 14 39 14 39 14
208 119 48 119 48 119 48 119 48
209 457 186 457 186 457 186 457 186
210 35 18 35 18 35 18 35 18
211 77 32 76 31 77 32 77 32
212 41 16 42 17 42 17 42 17
213 326 113 401 138 401 138 401 138
214 107 54 101 52 115 58 115 58
215 22 7 19 6 22 7 22 7
216 109 56 73 36 38 17 45 20
217 25 8 25 8 25 8 25 8
218 118 39 67 22 64 21 64 21
219 87 18 87 18 87 18 114 25
220 191 64 175 58 175 58 202 67
221 79 26 79 26 79 26 79 26
222 19 6 19 6 19 6 19 6
223 30 11 31 14 30 11 33 14
224 13 4 13 4 13 4 13 4
225 19 6 19 6 19 6 19 6
226 36 15 23 8 30 15 31 16
227 17 6 17 6 17 6 17 6

ADD 2459 942 2409 914 2400 913 2451 930
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\ooo\)omAuN—J%:'

—

Z1
.5163E-12
.5043E-01
.2500E-27
.2667E+01

-.1913E+01
.2503E-22
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
.1229E-21

A4898E+02
3197E-13
.1836E+00
.5621E-13
3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.8223E-15
.3199E-18
.3286E-02
-.2804E-17
9994E+00
-.8000E+00
-.6536E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.5000E+00
.1000E+01

Z2
.5163E-12
.5043E-01
.2501E-27
.2667E+01

-.1913E+01
.2163E-22
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
1229E-21

4898E+02
3197E-13
.1836E+00
.5621E-13
.3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.3595E-16
.7835E-14
.1644E-23
.2998E-02
A4756E-23
9994E+00
-.8000E+00
-.1797E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-3040E+03
.2000E+01
-.5000E+00
.1000E+01

Z3
.5163E-12
.5043E-01
.2500E-27
.2667E+01

-.1913E+01
4017E-16
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
.1229E-21

A4898E+02
3197E-13
.1836E+00
.5621E-13
.3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.2995E-14
.1644E-23
.3464E-02
-2804E-17
.9994E+00
-.8000E+00
5364E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.5000E+00
.1000E+01
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ZA
.5163E-12
.5043E-01
.2500E-27
.2667E+01

- 1913E+01
.1013E-14
-.1732E+01
-.1000E+0t
-.5000E+00
-.1000E+01
.1229E-21
A4898E+02
.3197E-13
.1836E+00
.5621E-13
.3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.2995E-14
.1644E-23
.3464E-02
-.6468E-14
.9994E+00
-.8000E+00
.5364E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.5000E+00
.1000E+01




L.
o

EN nfpl  nfl nfp2  nf2 nfp}  nf3 nfp4d  nf4
57 22 57 22 57 22 57 22

2 50 21 51 22 63 26 63 26

3 19 6 28 9 19 6 19 6

4 7 2 7 2 7 2 7 2

5 24 9 24 9 24 9 24 9

6 29 10 29 10 25 8 25 8

7 35 14 42 17 35 14 30 11

8 17 6 17 6 17 6 17 6

9 32 17 22 9 32 17 29 16
10 35 12 35 12 35 12 35 12
201 15 6 15 6 15 6 15 6
202 44 21 4 21 44 21 44 21
203 36 13 36 13 36 13 36 13
204 22 9 22 9 22 9 22 9
205 42 15 42 15 42 15 42 15
206 25 10 25 10 25 10 25 10
207 39 14 39 14 39 14 39 14
208 119 48 119 48 119 48 119 48
209 457 186 457 186 457 186 457 186
210 35 18 35 18 35 18 35 18
211 71 32 76 31 77 32 77 32
212 41 16 40 17 43 18 43 18
213 326 113 401 138 401 138 401 138
214 107 54 104 53 104 53 104 53
215 22 7 22 7 22 7 22 7
216 49 22 69 36 37 16 36 15
217 25 8 25 8 25 8 25 8
218 118 39 67 22 64 21 64 21
219 87 18 87 18 87 18 114 25
220 175 58 184 61 175 58 206 69
221 79 26 79 26 79 26 79 26
222 19 6 19 6 19 6 19 6
223 30 11 31 14 30 11 33 14
224 13 4 13 4 13 4 13 4
225 19 6 19 6 19 6 19 6
226 35 14 23 8 24 9 30 15
227 17 6 17 6 17 6 17 6

ADD 2378 899 2422 919 2384 899 2442 921
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[

201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227

—
w

Z1
.S5163E-12
.S043E-01
.2500E-27
.2667E+01

-.1913E+01
.2398E-22
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
.1229E-21
4898E+02
.3197E-13
.1836E+00
.5621E-13
.3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.8223E-15
.3199E-18
.3286E-02
-.2804E-17
9994E+00
-.8000E+00
-.6536E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.5000E+00
.1000E+01

Z2
3717E-12
.5043E-01
.2501E-27
.2667E+01

-.1913E+01
.2759E-22
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
.1229E-21

A4898E+02
.3197E-13
.1836E+00
.5621E-13
3334E-14
.1491E-16
.1922E-15
9661E-13
.2460E+01
.2825E-16
3621E-17
.1644E-23
1812E-02
.1092E-21
.9994E+00
-.8000E+00
.1565E-26
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.5000E+00
.1000E+01

Z3
S163E-12
.S043E-01
.2500E-27
.2667E+01

-.1913E+01

.1264E-12

-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01

1229E-21
4898E+02
3197E-13
.1836E+00
.5621E-13
3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.2570E-13
.1644E-23
.2273E-02

-.2804E-17

9994E+00

-.8000E+00

.5364E-25

-.1000E+01

.1000E+01

-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03

.2000E+01

-.5000E+00
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.1000E+01

Z4
SI163E-12
.5043E-01
.2500E-27
.2667E+01

-.1913E+01
.1013E-14
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
.1229E-21

A4898E+02
.3197E-13
.1836E+00
.5621E-13
.3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.2570E-13
.1644E-23
.2273E-02
-.6468E-14
.9994E+00
-.8000E+00
.5364E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E- 01
-.5000E+00
.1000E+01




kl: .15

. FN nfpl  nfl nfp2  nf2
1 57 22 54 21

2 50 21 58 25

. 3 19 6 31 10
4 7 2 7 2

5 24 9 24 9

6 30 11 26 9

7 32 13 34 13

8 17 6 17 6

9 32 17 31 14

10 35 12 35 12

201 15 6 15 6

202 44 21 44 21

203 36 13 36 13

204 22 9 22 9

205 42 15 42 15

206 25 10 25 10

207 39 14 39 14

208 119 48 119 48

209 457 186 442 181

210 35 18 35 18

211 77 32 75 30

212 41 16 47 20

213 326 113 401 138

. 214 107 54 114 59
215 22 7 22 7

216 42 19 70 37

] 217 25 8 25 8
218 118 39 70 23

219 87 18 87 18

220 196 69 187 62

221 79 26 79 26

222 19 6 19 6

223 30 11 31 14

224 13 4 13 4

225 19 6 19 6

226 35 14 25 12

227 17 6
ADD 2390 907 2437 932

127




=

— Er'.‘
SOVEAAN B W ~Z,

[\ )
N =

203

2

205

g

207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227

(8]

Z1
.5163E-12
.5043E-01
.2500E-27
.2667E+01

-.1913E+01
.6246E-21
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
.1229E-21
.4898E+02
.3197E-13
.1836E+00
.5621E-13
3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.8223E-15
3199E-18
.3286E-02
-.2804E-17
9994E+00
-.8000E+00
-.6536E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.5000E+00
.1000E+01

Z2
.1551E-16
.5043E-01
.2500E-27
.2667E+01

-.1913E+01
4594E-14
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
.1229E-21
A4898E+02
.3197E-13
.1836E+00
.5621E-13
3334E-14
.1491E-16
.1922E-15
.9218E-13
.2460E+01
.2838E-14
.5525E-12
J771E-23
.2346E-02
-.1856E-14
.9994E+00
-.8000E+00
.6243E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.5000E+00
.1000E+01

Z3
S163E-12
.5043E-01
.2500E-27
.2667E+01

-.1913E+01

.1798E-17

-.1732E+01

.1000E+01

-.5000E+00
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.1000E+01
.1229E-21
4898E+02
3197E-13
.1836E+00
.5621E-13
.3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
9410E-18
.1644E-23
A4017E-02
.2804E-17
.9994E+00
.8000E+00
.5364E-25
.1000E+01
.1000E+01
.1000E+01
.1500E+01
.8340E+00
.3040E+03
.2000E+01
.5000E+00
.1000E+01

ZA
.5163E-12
.5043E-01
.2500E-27
.2667E+01

-.1913E+01
.1013E-14
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
.1229E-21

A4898E+02
3197E-13
.1836E+00
.5621E-13
3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.9410E-18
.1644E-23
4017E-02
-.6468E-14
.G994E+00
-.8000E+00
.5364E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.5000E+00
.1000E+01




kl: .2
FN nfpl
1 57
2 50
3 19
4 7
5 24
6 30
7 34
8 17
9 32
10 35
201 15
202 44
203 36
204 22
205 42
206 25
207 39
208 119
209 457
210 35
211 77
212 41
213 326
214 107
215 22
216 42
217 25
218 118
219 87
220 187
221 79
222 19
223 30
224 13
225 19
226 28
227 17
ADD 2376
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kl: .25

= 2
SO H W -

[so
(=]
|

202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227

Z1
.5163E-12
.5043E-01
.2500E-27
.2667E+01

-.1913E+01
.2520E-22
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
.1229E-21

4898E+02
3197E-13
.1836E+00
.5621E-13
.3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.8223E-15
.3199E-18
.3286E-02
-.2804E-17
9994E+00
-.8000E+00
-.6536E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.5S000E+00
.1000E+01

22 Z3 Z4
.5037E-11 .5163E-12 S5163E-12
.5043E-01 .5043E-01 .5043E-01
.2500E-27 .2500E-27 .2500E-27
.2667E+01 .2667E+01 .2667E+01 -
-.1913E+01 - 1913E+01 -.1913E+01
.8878E-23 .2501E-22 .1013E-14
-.1732E+01 -.1732E+01 -.1732E+01
-.1000E+01 -.1000E+01 -.1000E+01
-.5000E+00 -.5000E+00 -.S000E+00

-.1000E+01 -.1000E+01 -.1000E+01
.1229E-21 1229E-21 1229E-21
4898E+02 4898E+02 A4898E+(2
3197E-13 3197E-13 .3197E-13
.1836E+00 .1836E+00 .1836E+00
.5621E-13 .5621E-13 .5621E-13
3334E-14 .3334E-14 .3334E-14
.1709E-16 .1491E-16 .1491E-16
.1922E-15 1922E-15 .1922E-15
J9591E-13 .7030E-12 .7030E-12
.2460E+01 .2460E+01 .2460E+01
.3584E-16 .6503E-13 .6503E-13
.8270E-14 .3466E-16 .3466E-16
.1093E-16 .1644E-23 .1644E-23
4895E-02 .2624E-02 .2624E-02
-.5392E-12 -.2804E-17 -.6468E-14
9994E+00 9994E+00 .9994E+00
-.8000E+00 -.8000E+00 -.8000E+00
.1988E-25 .5364E-25 .5364E-25 -
-.1000E+01 -.1000E+01 -.1000E+01
.1000E+01 .1000E+01 .1000E+01
-.1000E+01 -.1000E+01 -.1000E+01
-.1500E+01 -.1500E+01 -.1500E+01
-.8340E+00 -.8340E+00 -.8340E+00
-.3040E+03 -.3040E+03 -.3040E+03
.2000E+01 .2000E+01 .2000E+01
-.5000E+00 -.S000E+00 -.5000E+00
.1000E+01 .1000E+01 .1000E+01
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kl: .25
. FN nfpl
1 57
2 50
3 19
4 7
5 24
6 33
7 31
8 17
9 32
10 35
201 15
202 4
203 36
204 22
205 42
206 25
207 39
208 119
209 457
210 35
211 77
212 41
213 326
: 214 107
215 22
216 46
. 217 25
218 118
219 87
220 184
221 79
222 19
223 30
224 13
225 19
226 28
227 17
ADD 2377
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kl: .30

FN Z1 22 Z3 ZA
1 .S5163E-12 A677E-15 .5163E-12 5163E-12
2 .5043E-01 .5043E-01 .5043E-01 .5043E-01
3 .2500E-27 .2500E-27 .2500E-27 .2500E-27
4 .2667E+01 .2667E+01 .2667E+01 .2667E+01
5 -.1913E+01 -.1913E+01 -.1913E+0] -.1913E+01
6 .2500E-22 .8315E-19 .2501E-22 .1013E-14
7 -.1732E+01 -.1732E+01 -.1732E+01 -.1732E+01
8 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
9 -.5000E+00 -.5000E+00 -.5000E+00 -.5000E+00
10 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
201 .1229E-21 .1229E-21 .1229E-21 .1229E-21
202 .4898E+02 4898E+02 4898E+02 A4898E+02
203 .3197E-13 3197E-13 3197E-13 3197E-13
204 1836E+00 .1836E+00 .1836E+00 .1836E+00
205 .5621E-13 .5621E-13 .5621E-13 .5621E-13
206 .3334E-14 3334E-14 3334E-14 .3334E-14
207 .1491E-16 .2134E-20 .1491E-16 .1491E-16
208 .1922E-15 .1447E-16 1922E-15 .1922E-15
209 .7030E-12 .1310E-12 .7030E-12 .7030E-12
210 .2460E+01 .2460E+01 .2460E+01 .2460E+01
211 .6503E-13 .2369E-16 .6503E-13 .6503E-13
212 .8223E-15 .2094E-15 .1340E-14 .1340E-14
213 .3199E-18 .8506E-30 .1644E-23 .1644E-23
214 .3286E-02 .2288E-02 .1994E-02 .1994E-02
215 -.2804E-17 -.1025E-10 -2804E-17 -.6468E-14
216 9994E+00 .9994E+00 .9994E+00 .9994E+00
217 -.8000E+00 -.8000E+00 -.8000E+00 -.8000E+00
218 -.6536E-25 -.1944E-25 .5364E-25 .5364E-25
219 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
220 .1000E+01 .1000E+01 .1000E+01 .1000E+01
221 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
222 -.1500E+01 -.1500E+01 -.1500E+01 -.1500E+01
223 -.8340E+00 -.8340E+00 -.8345E+00 -.8340E+00
224 -.3040E+03 -.3040E+03 -.3040E+03 -.3040E+03
225 .2000E+01 .2000E+01 .2000E+01 .2000E+01
226 -.5000E+00 -.S000E+00 -.5000E+00 -.5000E+00
227 .1000E+01 .1000E+01 .1000E+01 .1000E+01
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ki: .30
FN nfpl
1 57
2 50
3 19
4 7
5 24
6 33
7 31
8 17
9 32
10 35
201 15
202 44
203 36
204 22
205 42
206 25
207 39
208 119
209 457
210 35
211 77
212 41
213 326
214 107
215 22
216 49
217 25
218 118
219 87
220 188
221 79
222 19
223 30
224 13
225 19
226 28
227 17
ADD 2384
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ki: .35

EN Z1 22 23 ZA
1 .5163E-12 .1244E-16 S5163E-12 S5163E-12
2 .5043E-01 .5043E-01 .5043E-01 .5043E-01
3 .2500E-27 .2500E-27 .2500E-27 .2500E-27
4 .2667E+0! .2667E+01 .2667E+01 .2667E+01
5 -.1913E+01 - 1913E+01 -.1913E+01 -.1913E+01
6 .2500E-22 .1298E-17 .2501E-22 .1013E-14
7 -.1732E+01 -.1732E+01 -.1732E+01 -.1732E+01
8 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
9 -.S000E+00 -.5000E+00 -.5000E+00 -.5000E+00
10 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
201 1229E-21 .1229E-21 .1229E-21 .1229E-21
202 4898E+02 A4898E+02 4898E+02 A4898E+02
203 .3197E-13 3197E-13 3197E-13 .3197E-13
204 .1836E+00 .1836E+00 .1836E+00 .1836E+00
205 .5621E-13 .5621E-13 .5621E-13 .5621E-13
206 3334E-14 .3334E-14 .3334E-14 .3334E-14
207 .1491E-16 .2753E-19 .1491E-16 .1491E-16
208 .1922E-15 .1817E-13 .1922E-15 .1922E-15
209 .7030E-12 9004E-13 .7030E-12 .7030E-12
210 .2460E+01 .2460E+01 .2460E+01 .2460E+01
211 .6503E-13 .3032E-16 .6503E-13 .6503E-13
212 .8223E-15 .7043E-15 .2556E-14 .2556E-14
213 .3199E-18 .6220E-19 .1644E-23 .1644E-23
214 .3286E-02 .3057E-02 3651E-02 3651E-02
215 -.2804E-17 -.1091E-16 -.2804E-17 -.6468E-14
216 9994E+00 .9994E+00 .9994E+00 9994E+00
217 -.8000E+00 -.8000E+00 -.8000E+00 -.8000E+00
218 -.6536E-25 -.5756E-25 .5364E-25 .5364E-25
219 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
220 .1000E+01 .1000E+01 .1000E+01 .1000E+01
221 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
222 -.1500E+01 -.1500E+01 -.1500E+01 -.1500E+01
223 -.8340E+00 -.8340E+00 -.8340E+00 -.8340E+00
224 -.3040E+03 -.3040E+03 -.3040E+03 -.3040E+03
225 .2000E+01 .2000E+01 .2000E+01 .2000E+01
226 -.S000E+00 -.5000E+00 -.5000E+00 -.5000E+00
227 .1000E+01 .1000E+01 .1000E+01 .1000E+01
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kl: .35
FN nfpl
| 57
2 50
3 19
4 7
5 24
6 33
7 33
8 17
9 32
10 35
201 15
202 44
203 36
204 22
205 42
206 25
207 39
208 119
209 457
210 35
211 77
212 41
213 326
214 107
215 22
216 45
217 25
218 118
219 87
220 193
221 79
222 19
223 30
224 13
225 19
226 28
227 17
ADD 2387

135




kl: .40
FN Zl 22 23 ZA
1 .S5163E-12 .2558E-14 .5163E-12 .5163E-12
2 .5043E-01 .5043E-01 .5043E-01 .5043E-01
3 .2500E-27 .3940E-26 .2500E-27 .2500E-27
4 .2667E+01 .2667E+01 .2667E+01 .2667E+01
5 -.1913E+01 -.1913E+01 -.1913E+01 -.1913E+01
6 .2363E-22 .1061E-19 .2501E-22 .1013E-14
7 -.1732E+01 -.1732E+01 -.1732E+01 -.1732E+01
8 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
9 -.5000E+00 -.5000E+00 -.S000E+00 -.5000E+00
10 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
201 .1229E-21 .1229E-21 .1229E-21 .1229E-21
202 4898E+02 A898E+02 4898E+02 4898E+02
203 3197E-13 3197E-13 3197E-13 3197E-13
204 .1836E+00 .1836E+00 .1836E+00 .1836E+00
205 .5621E-13 .5621E-13 .5621E-13 .5621E-13
206 .3334E-14 .3334E-14 .3334E-14 .3334E-14
207 .1491E-16 .6191E-16 .1491E-16 .1491E-16
208 .1922E-15 A770E-14 .1922E-15 .1922E-15
209 .7030E-12 1121E-12 .7030E-12 .7030E-12
210 .2460E+01 .2460E+01 .2460E+01 .2460E+01
211 .6503E-13 .1050E-16 .6503E-13 .6503E-13
212 .8223E-15 .7338E-17 .1034E-11 .1034E-11
213 .3199E-18 .1694E-21 .1644E-23 .1644E-23
214 .3286E-02 .2056E-02 4277E-02 4277E-02
215 -.2804E-17 4963E-23 -.2804E-17 -.6468E-14
216 .9994E+00 .9994E+00 .9994E+00 A4897E+02
217 -.8000E+00 -.8000E+00 -.8000E+00 -.8000E+00
218 -.6536E-25 -.3938E-26 .5364E-25 .5364E-25
219 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
220 .1000E+01 .1000E+01 .1000E+01 .1000E+01
221 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
222 -.1500E+01 -.1500E+01 -.1500E+01 -.1500E+01
223 -.8340E+00 -.8340E+00 -.8340E+00 -.8340E+00
224 -3040E+03 -.3040E+03 -.3040E+03 -.3040E+03
225 .2000E+01 .2000E+01 .2000E+01 .2000E+01
226 -.5000E+00 -.5000E+00 -.S000E+00 -.5000E+00
227 .1000E+01 .1000E+01 .1000E+01 .1000E+01
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kl: 40

EN nfpl  nfl nfp2  nf2 nfp3  nf3 nfpd  nfd
1 57 22 64 25 57 22 57 22

2 30 21 49 20 53 24 53 24

3 19 6 49 16 19 6 19 6

4 7 2 7 2 7 2 7 2

5 24 9 24 9 24 9 24 9

6 33 12 29 10 28 9 25 8

7 31 12 33 12 29 10 29 10

8 17 6 17 6 17 6 17 6

9 32 17 31 14 32 17 29 16
10 35 12 35 12 35 12 35 12
201 15 6 15 6 15 6 15 6
202 44 21 44 21 4 21 4 21
203 36 13 36 13 36 13 36 13
204 22 9 22 9 22 9 22 9
205 42 15 42 15 42 15 42 15
206 25 10 25 10 25 10 25 10
207 39 14 39 14 39 14 39 14
208 119 48 101 40 119 48 119 48
209 457 186 403 160 457 186 457 186
210 35 18 35 18 35 18 35 18
211 77 32 79 30 77 32 77 32
212 41 16 40 15 40 17 40 17
213 326 113 251 88 401 138 401 138
214 107 54 106 55 108 57 108 57
215 22 7 22 7 22 7 22 7
216 44 19 70 35 42 19 54 23
217 25 8 25 8 25 8 25 8
218 118 39 76 25 64 21 64 21
219 87 18 87 18 87 18 114 25
220 186 63 220 73 175 58 224 75
221 79 26 79 26 79 26 79 26
222 19 6 19 6 19 6 19 6
223 30 11 31 14 30 11 33 14
224 13 4 13 4 13 4 13 4
225 19 6 19 6 19 6 19 6
226 28 11 25 12 27 10 29 12
227 17 6 17 6 17 6 17 6
ADD 2377 898 2279 860 2380 901 2467 932
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kl: 45
EN Z1 22 Z3 Z4
1 .5163E-12 1577E-15 .5163E-12 5163E-12
2 .5043E-01 .5043E-01 .5043E-01 .5043E-01
3 .2500E-27 .2500E-27 .2500E-27 .2500E-27
4 .2667E+01 .2667E+01 .2667E+01 .2667E+01
5 -.1913E+01 -.1913E+01 -.1913E+01 -.1913E+0!
6 .2265E-22 .1758E-17 .2500E-22 .1013E-14
7 -.1732E+01 -.1732E+01 -.1732E+01 -.1732E+01
8 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
9 -.5000E+00 -.5000E+00 -.5000E+00 -.5000E+00
10 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
201 .1229E-21 .1229E-21 .1229E-21 .1229E-21
202 4898E+(02 4898E+02 4898E+02 4898E+02
203 3197E-13 3197E-13 .3197E-13 3197E-13
204 .1836E+00 .1836E+00 .1836E+00 .1836E+00
205 .5621E-13 .1062E-15 .5621E-13 .5621E-13
206 3334E-14 .3334E-14 .3334E-14 .3334E-14
207 .1491E-16 .1078E-17 .1491E-16 .1491E-16
208 .1922E-15 .1123E-16 .1922E-15 .1922E-15
209 .7030E-12 .1209E-12 .7030E-12 .7030E-12
210 .2460E+01 .2460E+01 .2460E+01 .2460E+01
211 .6503E-13 .3722E-16 .6503E-13 .6503E-13
212 .8223E-15 .8343E-17 .2688E-12 .2688E-12
213 .3199E-18 .2124E-20 .1644E-23 .1644E-23
214 .3286E-02 .6899E-02 .1559E-02 .1559E-02
215 -.2804E-17 -.1384E-11 -.2804E-17 -.6468E-14
216 9994E+00 9994E+00 9994E+00 4897E+02
217 -.8000E+00 -.8000E+00 -.8000E+00 -.8000E+00
218 -.6536E-25 .2088E-25 .5364E-25 .5364E-25
219 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
220 .1000E+01 .1000E+01 .1000E+01 .1000E+01
221 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
222 -.1500E+01 -.1500E+01 -.1500E+01 -.1500E+01
223 -.8340E+00 -.8340E+00 -.8340E+00 -.8340E+00
224 -.3040E+03 -.3040E+03 -.3040E+03 -.3040E+03
225 .2000E+01 .2000E+01 .2000E+01 .2000E+01
226 -.5000E+00 -.5000E+00 -.5000E+00 -.5000E+00
227 .1000E+01 .1000E+01 .1000E+01 .1000E+01
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kl: 45
EN  nfpl ofl  nfp2 nf2  nfp3  of3  ofpd  nfd
| 57 22 67 26 57 22 57 22
2 50 21 54 21 59 26 59 26
3 19 6 55 18 19 6 19 6
4 7 2 7 2 7 2 7 2
5 24 9 24 9 24 9 24 9
6 33 12 29 10 28 9 25 8
7 33 12 30 11 29 10 26 9
8 17 6 17 6 17 6 17 6
9 32 17 37 16 32 17 29 16
10 35 12 35 12 35 12 35 12
201 15 6 15 6 15 6 15 6
202 44 21 44 21 44 21 44 21
203 36 13 36 13 36 13 36 13
204 22 9 22 9 22 9 22 9
205 42 15 39 14 42 15 4?2 15
206 25 10 25 10 25 10 25 10
207 39 14 42 15 39 14 39 14
208 119 48 119 46 119 48 119 48
209 457 186 414 163 457 186 457 186
210 35 18 35 18 35 18 35 18
211 77 32 83 32 77 32 77 32
212 41 16 38 15 39 16 39 16
213 326 113 242 85 401 138 401 138
214 107 54 72 41 115 60 115 60
215 22 7 22 7 22 7 22 7
216 52 23 61 30 50 23 53 22
217 25 8 25 8 25 8 25 8
218 118 39 76 25 64 21 64 21
219 87 18 87 18 87 18 114 25
220 184 61 229 76 175 58 264 93
221 79 26 79 26 79 26 79 26
222 19 6 19 6 19 6 19 6
223 30 11 22 7 30 11 33 14
224 13 4 13 4 13 4 13 4
225 19 6 19 6 19 6 19 6
226 28 11 19 6 27 10 27 10
227 17 6 17 6 17 6 17 6
ADD 2385 900 2269 844 2400 909 2513 950
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e
— %:‘:‘
OV WVMEWN— L,

[ ]
S
[y

202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227

W

Z1
.5163E-12
.5043E-01
.2500E-27
.2667E+01

-.1913E+01
.2975E-20
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
.1229E-21

.4898E+02
.3197E-13
.1836E+00
.5621E-13
.3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.8223E-15
.3199E-18
.3286E-02
-.2804E-17
.9994E+00
-.8000E+00
-.6536E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.5000E+00
.1000E+01

22
3181E-16
.S5043E-01
.2500E-27
.2667E+01

-.1913E+01
.2472E-17
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
.1229E-21

4898E+02
3197E-13
.1836E+00
.7209E-18
3334E-14
.1266E-20
.1755E-14
.8302E-13
.2460E+01
.4602E-14
.1851E-11
.5672E-18
.3615E-02
-.2763E-11
9994E+00
-.8000E+00
-.1272E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.5000E+00
.1000E+01
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Z3
.5163E-12
.5043E-01
.2500E-27
.2667E+01
.1913E+01
.2344E-21
.1732E+01
.1000E+01
.5000E+00
.1000E+01
.1229E-21
A4898E+02
.3197E-13
.1836E+00
.5621E-13
.3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.1189E-14
.1644E-23
.2113E-02
.2804E-17
.9994E+00
.S000E+00
.5364E-25
.1000E+01
.J1000E+01
.1000E+01
.1500E+01
.8340E+00
.3040E+03
.2000E+01
.5000E+00
.1000E+01

Z4
S163E-12
.S5043E-01
.2500E-27
.2667E+01

-.1913E+01
.1013E-14
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
1229E-21

4898E+(2
.3197E-13
.1836E+00
.S5621E-13
.3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.1189E-14
.1644E-23
.2113E-02
-.6468E-14
A4897E+02
-.8000E+00
.5364E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.5000E+00
.1000E+01




kl: .5
FN nfpl nfl nfp2 nf2
1 57 22 69 26
2 50 21 54 21
3 19 6 61 20
4 7 2 7 2
S 24 9 24 9
6 26 9 29 10
7 32 11 32 13
8 17 6 17 6
9 32 17 37 14
10 35 12 35 12
201 15 6 15 6
202 44 21 44 21
203 36 13 36 13
204 22 9 22 9
205 42 15 39 14
206 25 10 25 10
207 39 14 42 15
208 119 48 103 40
209 457 186 444 171
210 35 18 35 18
211 77 32 83 32
212 41 16 35 14
213 326 113 227 80
214 107 54 82 43
215 22 7 22 7
216 41 18 56 27
217 25 8 25 8
218 118 39 79 26
219 87 18 87 18
220 187 62 238 79
221 79 26 79 26
222 19 6 19 6
223 30 11 25 8
224 13 4 13 4
225 19 6 19 6
226 27 10 20 7
227 17 6 17 6
ADD 2368 891 2296 847
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kl: .55

EN YA\ Z2 Z3 Z4
1 S163E-12 D042E-17 S163E-12 S5163E-12
2 .5043E-01 S043E-01 .5043E-01 .5043E-01
3 .2500E-27 .2500E-27 .2500E-27 .2500E-27
4 .2667E+01 .2667E+01 .2667E+01 .2667E+01
5 -.1913E+01 -.1913E+01 -.1913E+01 -.1913E+01
6 .2500E-22 .3050E-18 .2165E-21 .1013E-14
7 -.1732E+01 -.1732E+01 -.1732E+01 -.1732E+01
8 -.1000E+01 -.1000E+01 -.1000E+01 - . 1000E+01
9 -.5000E+00 -.5000E+00 -.5000E+00 -.5000E+00
10 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
201 .1229E-21 .1229E-21 .1229E-21 1229E-21
202 A4898E+02 4898E+02 A4898E+02 A898E+02
203 .3197E-13 3197E-13 3197E-13 3197E-13
204 .1836E+00 .1836E+00 .1836E+00 .1836E+00
205 .5621E-13 4775E-19 .5621E-13 .5621E-13
206 3334E-14 .3334E-14 .3334E-14 .3334E-14
207 .1491E-16 2047E-14 .1491E-16 .1491E-16
208 .1922E-15 .2270E-14 .1922E-15 .1922E-15
209 .7030E-12 .1053E-12 .7030E-12 .7030E-12
210 .2460E+01 .2460E+01 .2460E+01 .2460E+01
211 .6503E-13 4279E-16 .6503E-13 .6503E-13
212 .8223E-15 .3834E-14 .5124E-14 .5124E-14
213 .3199E-18 .3809E-20 .1644E-23 .1644E-23
214 .3286E-02 .2033E-02 .2818E-02 .2818E-02
215 -2804E-17 -.5244E-11 -.2804E-17 -.6468E-14
216 .9994E+00 .9994E+00 9994E+00 4897E+02
217 -.8000E+00 -.8000E+00 -.8000E+00 -.8000E+00
218 -.6536E-25 -.5585E-26 .5364E-25 .5364E-25
219 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
220 .1000E+01 .1000E+01 .1000E+01 .1000E+01
221 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
222 -.1500E+01 -.1500E+01 -.1500E+01 -.1500E+01
223 -.8340E+00 -.8340E+00 -.8340E+00 -.8340E+00
224 -.3040E+03 -.3040E+03 -.3040E+03 -.3040E+03
225 .2000E+01 .2000E+01 .2000E+01 .2000E+01
226 -.5000E+00 ~.5000E+00 -.5000E+00 -.5000E+00
227 .1000E+01 .1000E+01 .1000E+01 .1000E+01
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) FN nfpl  nfl nfp2  nf2 nfp3  nf3 nfp4  nf4
i 57 22 73 28 57 22 57 22

2 50 21 55 22 67 28 67 28

. 3 19 6 70 23 19 6 19 6
4 7 2 7 2 7 2 7 2

5 24 9 24 9 24 9 24 9

6 29 10 26 9 25 8 25 8

7 32 11 30 11 30 11 29 10

8 17 6 17 6 17 6 17 6

9 32 17 41 18 32 17 29 16

10 35 12 35 12 35 12 35 12

201 15 6 15 6 15 6 15 6

202 44 21 44 21 44 21 44 21

203 36 13 36 13 36 13 36 13

204 22 9 22 9 22 9 22 9

205 42 15 40 15 42 15 42 15

206 25 10 25 10 25 10 25 10

207 39 14 42 15 39 14 39 14

208 119 48 116 45 119 48 119 48

209 457 186 437 170 457 186 457 186

210 35 18 35 18 35 18 35 18

211 77 32 88 33 77 32 77 32

212 41 16 40 15 41 16 41 16

213 326 113 263 92 401 138 401 138

* 214 107 54 99 50 110 57 110 57
215 22 7 22 7 22 7 22 7

216 42 19 56 27 57 26 54 27

. 217 25 8 25 8 25 8 25 8
218 118 39 82 27 64 21 64 21

219 87 18 87 18 87 18 114 25

220 187 62 247 82 175 58 218 73

221 79 26 79 26 79 26 79 26

222 19 6 19 6 19 6 19 6

223 30 11 32 13 30 11 33 14

224 13 4 13 4 13 4 13 4

225 19 6 19 6 19 6 19 6

226 27 10 20 7 27 10 27 10

227 17 6 17 6 17 6 17 6

ADD 2372 893 2398 889 2410 911 2476 935
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SOONAMBWN—IZ]
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o
—

202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227

(=)}

Z1 22
S5163E-12 .5891E-17
.5043E-01 .5043E-01
.2500E-27 .3513E-26
.2667E+01 .2667E+01
-.1913E+01 -.1913E+01 -
.2485E-22 .9694E-22
-.1732E+01 -.1732E+01 -
-.1000E+01 -.1000E+01 -
-.S000E+00 -.S000E+00 -
-.1000E+01 -.1000E+01 -
.1229E-21 .1229E-21
4898E+02 4898E+02
.3197E-13 3197E-13
.1836E+00 .1836E+00
.5621E-13 4759E-16
.3334E-14 .3334E-14
.1491E-16 .6232E-16
.1922E-15 .1039E-16
7030E-12 .1393E-12
.2460E+01 .2460E+01
.6503E-13 4734E-17
.8223E-15 .1004E-10
.3199E-18 .1361E-25
.3286E-02 .2768E-02
-.2804E-17 -.9518E-11 -
9994E+00 9994E+00
-.8000E+00 -.8000E+00 -
-.6536E-25 .5584E-25
-.1000E+01 -.1000E+01 -
.1000E+01 .1000E+01
-.1000E+01 -.1000E+01 -
-.1500E+01 -.1500E+01 -
-.8340E+00 -.8340E+00 -
-.3040E+03 -.3040E+03 -
.2000E+01 .2000E+01
-.5000E+00 -.5000E+00 -
.1000E+01 .1000E+01
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23
.5163E-12
.5043E-01
.2500E-27
.2667E+01
.1913E+01
.3450E-21
.1732E+01
.1000E+01
.5000E+00
.1000E+01
.1229E-21
4898E+02
3197E-13
.1836E+00
.5621E-13
.3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.6839E-13
.1644E-23
.2795E-02
.2804E-17
.9994E+00
.8000E+00
.5364E-25
.1000E+01
.1000E+01
.1000E+01
.1500E+01
.8340E+00
.3040E+03
.2000E+01
.5000E+00
.1000E+01

ZA
.5163E-12
.5043E-01
.2500E-27
.2667E+01

-.1913E+01
.1013E-14
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
.1229E-21
4898E+02
3197E-13
.1836E+00
.5621E-13
3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.6839E-13
.1644E-23
.2795E-02
-.6468E-14
9994E+00
-.8000E+00
.5364E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.5000E+00
.1000E+01




kl: .6
FN nfpl
1 57
2 50
3 19
4 7
5 24
6 29
7 36
8 17
9 32
10 35
201 15
202 44
203 36
204 22
205 42
206 25
207 39
208 119
209 457
210 35
211 77
212 41
213 326
214 107
215 22
216 49
217 25
218 118
219 87
220 190
221 79
222 19
223 30
224 13
225 19
226 27
227 17
ADD 2386
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kl: .65
EN Z1 2 Z3 Z4
1 .5163E-12 .9059E-17 .5163E-12 5163E-12
2 .5043E-01 .5043E-01 .5043E-01 .5043E-01
3 .2500E-27 2867E-27 .2500E-27 .2500E-27
4 .2667E+01 .2667E+01 2667E+01 .2667E+01
5 -.1913E+01 -.1913E+01 -.1913E+01 - 1913E+01
6 .2172E-22 .1305E-13 9420E-19 .1013E-14
7 -.1732E+01 -.1732E+01 -.1732E+01 -.1732E+01
8 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
9 -.5000E+00 -.5000E+00 -.5000E+00 -.5000E+00
10 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
201 1229E-21 .1229E-21 .1229E-21 .1229E-21
202 A898E+02 4898E+02 A4898E+02 A4898E+02
203 3197E-13 3197E-13 3197E-13 3197E-13
204 .1836E+00 .1836E+00 .1836E+00 .1836E+00
205 .5621E-13 .1550E-14 .5621E-13 .5621E-13
206 .3334E-14 .3334E-14 3334E-14 .3334E-14
207 .1491E-16 .1709E-19 .1491E-16 .1491E-16
208 1922E-15 .6882E-16 .1922E-15 .1922E-15
209 .7030E-12 .9210E-13 .7030E-12 .7030E-12
210 .2460E+01 .2460E+01 .2460E+01 .2460E+01
211 .6503E-13 .3570E-16 .6503E-13 .6503E-13
212 .8223E-15 .7638E-16 2276E-15 .2276E-15
213 3199E-18 .2995E-26 .1644E-23 .1644E-23
214 .3286E-02 .2186E-02 A4847E-02 4847E-02
215 -.2804E-17 -.1682E-10 -.2804E-17 -.6468E-14
216 .9994E+00 .9994E+00 .9994E+00 .9994E+00
217 -.8000E+00 -.8000E+00 -.8000E+00 -.8000E+00
218 -.6536E-25 -.5021E-25 .5364E-25 .5364E-25
219 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
220 .1000E+01 .1000E+01 .1000E+01 .1000E+01
221 -.1000E+0i -.1000E+01 -.1000E+01 -.1000E+01
222 -.1500E+01 -.1500E+01 -.1500E+01 -.1500E+01
223 -.8340E+00 -.8340E+00 -.8340E+00 -.8340E+00
224 -.3040E+03 -.3040E+03 -.3040E+03 -.3040E+03
225 .2000E+01 .2000E+01 .2000E+01 .2000E+01
226 -.5000E+00 -.5000E+00 -.5000E+00 -.5000E+00
227 .1000E+01 .1000E+01 .1000E+01 .1000E+01
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kl: .65

FN  nfpl ofl  nofp2 o2 o3 ofd  nofpd oft

| 57 22 85 32 57 22 57 22

2 50 21 26 11 59 24 59 24

3 19 6 88 29 19 6 19 6

4 7 2 7 2 7 2 7 2

5 24 9 24 9 24 9 24 9

6 29 10 30 11 25 8 25 8

7 30 11 35 16 31 12 29 10

8 17 6 17 6 17 6 17 6

9 32 17 44 19 32 17 29 16

10 35 12 37 12 35 12 35 12
201 15 6 15 6 15 6 15 6
202 44 21 51 24 44 21 44 21
203 36 13 36 13 36 13 36 13
204 22 9 22 9 22 9 22 9
205 42 15 43 16 42 15 42 15
206 25 10 25 10 25 10 25 10
207 39 14 49 18 39 14 39 14
208 119 48 134 51 119 48 119 48
209 457 186 463 174 457 186 457 186
210 35 18 35 18 35 18 35 18
211 77 32 105 40 77 32 77 32
212 41 16 38 15 36 15 36 15
213 326 113 401 138 401 138 401 138
214 107 54 107 56 82 45 82 45
215 22 7 22 7 22 7 22 7
216 53 24 57 28 51 22 42 17
217 25 8 25 8 25 8 25 8
218 118 39 85 28 64 21 64 21
219 87 18 87 18 87 18 114 25
220 187 62 280 93 175 58 226 79
221 79 26 79 26 79 26 79 26
222 19 6 19 6 19 6 19 6
223 30 11 37 12 30 11 33 14
224 13 4 13 4 13 4 13 4
225 19 6 19 6 19 6 19 6
226 27 10 20 7 27 10 27 10
227 17 6 17 6 17 6 17 6
ADD 2381 898 2677 984 2364 891 2431 914
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o

OquouauwugT

[}
=]

202
203
204
205
206
207
208
209
210
211
2i2
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227

~
(==

Z1
.5163E-12
.5043E-01
.2500E-27
.2667E+01

-.1913E+01
.2043E-22
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
.1229E-21
4898E+02
3197E-13
.1836E+00
.5621E-13
.3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.8223E-15
.3199E-18
.3286E-02
-.2804E-17
.9994E+00
-.8000E+00
-.6536E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.5S000E+00
.1000E+01

Z2
.3884E-13
.5043E-01
.2256E-27
.2667E+01

-.1913E+01
.8085E-13
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
.1229E-21

A4898E+02
.1101E-15
.1836E+00
.9904E-20
3334E-14
.1694E-13
.1139E-17
.8959E-13
.2460E+01
4553E-16
.1254E-13
.8261E-26
.3128E-02
-.2897E-10
9994E+00
-.8000E+00
-.1058E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.5000E+00
.1000E+01

Z3
5163E-12
.5043E-01
.2500E-27
.2667E+01

-.1913E+01

J516E-17

-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01

.1229E-21
4898E+02
3197E-13
.1836E+00
.5621E-13
3334E-14
1491E-16
1922E-15
.7030E-12
.2460E+01
.6503E-13
.1271E-14
.1644E-23
.2794E-02

-.2804E-17

.9994E+00

-.8000E+00

.5364E-25

-.1000E+01

.1000E+01

-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03

.2000E+01

-.5000E+00
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.1000E+01

Z4
.5163E-12
.5043E-01
.2500E-27
.2667E+01

-.1913E+01
.1013E-14
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
1229E-21
A898E+02
.3197E-13
.1836E+00
.5621E-13
.3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.1271E-14
.1644E-23
.2794E-02
-.6468E-14
.9994E+00
-.8000E+00
.5364E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.5000E+00
.1000E+01




kl: .70
FN  nfpl oft  nfp2 2 nfp3 03 nfpd  ofe
| 57 22 91 34 57 22 57 22
2 50 21 20 9 53 22 53 22
3 19 6 103 34 19 6 19 6
4 7 2 7 2 7 2 7 2
5 24 9 24 9 24 9 24 9
6 29 10 30 11 25 8 25 8
7 30 11 29 10 30 11 29 10
8 17 6 17 6 17 6 17 6
9 32 17 47 20 32 17 29 16
10 35 12 39 14 35 12 35 12
201 15 6 15 6 15 6 15 6
202 44 21 41 16 44 21 44 21
203 36 13 39 14 36 13 36 13
204 22 9 23 10 22 9 22 9
205 42 15 45 16 42 15 42 15
206 25 10 25 10 25 10 25 10
207 39 14 54 19 39 14 39 14
208 119 48 148 55 119 48 119 48
209 457 186 495 186 457 186 457 186
210 35 18 35 18 35 18 35 18
211 77 32 107 40 77 32 77 32
212 41 16 37 14 39 16 39 16
213 326 113 473 162 401 138 401 138
214 107 54 103 54 107 54 107 54
215 22 7 22 7 22 7 22 7
216 53 24 57 28 48 21 40 17
217 25 8 25 8 25 8 25 8
218 118 39 88 29 64 21 64 21
219 87 18 91 18 87 18 114 25
220 190 63 301 100 175 58 222 75
221 79 26 79 26 79 26 79 26
222 19 6 19 6 19 6 19 6
223 30 11 44 15 30 11 33 14
224 13 4 13 4 13 4 13 4
225 19 6 19 6 19 6 19 6
226 33 16 23 8 27 10 27 10

227 17 6 17 6 17 6
ADD 2390 905 2845 1030 2382 897 2447 918
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kl: .75

EN Z1 Z2 Z3 ZA
1 S5163E-12 .1659E-11 .5163E-12 S5163E-12
2 .5043E-01 .5043E-01 .5043E-01 .5043E-01
3 .2500E-27 .2500E-27 .2500E-27 .2500E-27
4 .2667E+01 .2667E+01 .2667E+01 .2667E+01
5 -.1913E+01 -.1913E+01 -.1913E+01 -.1913E+01
6 .2488E-22 .1166E-12 .6043E-15 .1013E-14
7 -.1732E+01 -.1732E+01 -.1732E+01 -.1732E+01
8 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
9 -.5000E+00 -.5000E+00 -.5000E+00 -.5000E+00
10 -.1000E+01 -.1000E+01 -.1000E+01 - 1000E+01
201 .1229E-21 .1229E-21 .1229E-21 1229E-21
202 4898E+02 4898E+02 4898E+02 .4898E+02
203 .3197E-13 .1683E-15 3197E-13 3197E-13
204 .1836E+00 .1836E+00 .1836E+00 .1836E+00
205 .5621E-13 .2443E-16 .5621E-13 5621E-13
206 .3334E-14 .3334E-14 .3334E-14 .3334E-14
207 .1491E-16 .3995E-12 .1491E-16 .1491E-16
208 1922E-15 .2426E-10 .1922E-15 .1922E-15
209 .7030E-12 .8994E-13 .7030E-12 .7030E-12
210 .2460E+01 .2460E+01 .2460E+01 .2460E+01
211 .6503E-13 .1272E-14 .6503E-13 .6503E-13
212 .8223E-15 .3342E-15 .1776E-12 .1776E-12
213 .3199E-18 4726E-25 .1644E-23 .1644E-23
214 .3286E-02 .3564E-02 4007E-02 A4007E-02
215 -.2804E-17 -.4904E-10 -.2804E-17 -.6468E-14
216 .9994E+00 .9994E+00 .9994E+00 .9994E+00
217 -.8000E+00 -.8000E+00 -.8000E+00 -.8000E+00
218 -.6536E-25 .3009E-25 .5364E-25 .5364E-25
219 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
220 .1000E+01 .1000E+01 .1000E+01 .1000E+01
221 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
222 -.1500E+01 -.1500E+01 -.1500E+01 -.1500E+01
223 -.8340E+00 -.8340E+00 -.8340E+00 -.8340E+00
224 -.3040E+03 -.3040E+03 -.3040E+03 -.3040E+03
225 .2000E+01 .2000E+01 .2000E+01 .2000E+01
226 -.5000E+00 -.5000E+00 -.5000E+00 -.5000E+00
227 .1000E+01 .1000E+01 .1000E+01 .1000E+01
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o

onqauaum~a:
>

[}
=t

ADD

ofpl  nfl nfp2  nf2
57 22 99 36
50 21 51 20
19 6 127 42
7 2 7 2
24 9 24 9
29 10 30 11
33 12 29 10
17 6 17 6
32 17 49 20
35 12 39 14
15 6 15 6
44 21 56 25
36 13 39 14
22 9 23 10
42 15 45 16
25 10 25 10
39 14 54 19
119 48 153 56
457 186 576 213
35 18 35 18
77 32 128 47
41 16 40 15
326 113 566 193
107 54 105 52
22 7 22 7
49 22 60 29
25 8 25 8
118 39 94 31
87 18 86 17
190 63 334 111
79 26 79 26
19 6 19 6
30 11 47 16
13 4 13 4
19 6 19 6
27 10 23 8
17 6 17 6

2383 898 3170 1139
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k1: .80

EN Z1 Z2 Z3 Z4
1 S5163E-12 .8498E-14 .5163E-12 .5163E-12
2 .S5043E-01 .5043E-01 .S5043E-01 .5043E-01
3 .2500E-27 .2498E-27 .2500E-27 .2500E-27
4 .2667E+01 .2667E+01 .2667E+01 .2667E+01
5 -.1913E+01 -.1913E+01 -.1913E+01 -.1913E+01
6 .2500E-22 4621E-20 .2339E-13 .1013E-14
7 -.1732E+01 -.1732E+01 -.1732E+01 -.1732E+01
8 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
9 -.S000E+00 -.5000E+00 -.5000E+00 -.5000E+00
10 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
201 .1229E-21 .1229E-21 .1229E-21 .1229E-21
202 A4898E+02 A4898E+02 4898E+02 4898E+02
203 3197E-13 .2873E-12 .3197E-13 .3197E-13
204 .1836E+00 .1836E+00 .1836E+00 .1836E+00
205 .5621E-13 2421E-14 .5621E-13 .5621E-13
206 3334E-14 .3334E-14 .3334E-14 .3334E-14
207 .1491E-16 .2265E-14 .1491E-16 .1491E-16
208 .1922E-15 .1811E-13 .1922E-15 .1922E-15
209 .7030E-12 .9024E-13 .7030E-12 .7030E-12
210 .2460E+01 .2460E+01 .2460E+01 .2460E+01
211 .6503E-13 .1026E-11 .6503E-13 .6503E-13
212 .8223E-15 .5120E-15 .2624E-15 .2624E-15
213 .3199E-18 .3353E-24 .1644E-23 .1644E-23
214 .3286E-02 .1348E-02 .3208E-02 .3208E-02
215 -.2804E-17 -7418E-12 -.2804E-17 -.6468E-14
216 .9994E+00 .9994E+00 .9994E+00 .9994E+00
217 -.8000E+00 -.3000E+00 -.8000E+00 -.8000E+00
218 -.6536E-25 .3383E-25 .5364E-25 .5364E-25
219 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
220 .1000E+01 .1000E+01 .1000E+01 .1000E+01
221 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
222 -.1500E+01 -.1500E+01 -.1500E+01 -.1500E+01
223 -.8340E+00 -.8340E+00 -.8340E+00 -.8340E+00
224 -.3040E+03 -.3040E+03 -.3040E+03 -.3040E+03
225 .2000E+01 .2000E+01 .2000E+01 .2000E+01
226 -.5000E+00 -.5000E+00 -.5000E+00 -.5000E+00
227 .1000E+01 .1000E+01 .1000E+01 .1000E+01
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. kl: .80

FN nfpl  nfl nfp2  nf2 nfp3  nf3 nfpd  nf4
1 57 22 117 42 57 22 57 22

2 50 21 26 11 51 22 51 22

- 3 19 6 157 52 19 6 19 6
4 7 2 7 2 7 2 7 2

5 24 9 24 9 24 9 24 9

6 29 10 29 10 25 8 25 8

7 30 11 28 9 30 11 30 11

8 17 6 17 6 17 6 17 6

9 32 17 58 23 32 17 29 16
10 35 12 38 13 35 12 35 12
201 15 6 15 6 15 6 15 6
202 44 21 43 16 44 21 44 21
203 36 13 36 13 36 13 36 13
204 22 9 22 9 22 9 22 9
205 42 15 48 17 42 15 42 15
206 25 10 25 10 25 10 25 10
207 39 14 61 22 39 14 39 14
208 119 48 177 64 119 48 119 48
209 457 186 591 z12 457 186 457 186
210 35 18 35 18 35 18 35 18
211 77 32 152 55 77 32 77 32
212 41 16 40 15 42 17 42 17
213 326 113 701 238 401 138 401 138
214 107 54 84 47 148 75 148 75
215 22 7 22 7 22 7 22 7
216 53 24 60 29 52 23 40 17
- 217 25 8 25 8 25 8 25 8
218 118 39 100 33 64 21 64 21
219 87 18 101 24 87 18 114 25
220 190 63 379 126 175 58 215 72
221 79 26 79 26 79 26 79 26
222 19 6 19 6 19 6 19 6
223 30 11 50 17 30 11 33 14
224 13 4 13 4 13 4 13 4
225 19 6 19 6 19 6 19 6
226 27 10 23 8 27 10 27 10
227 17 6 17 6 17 6 17 6
ADD 2384 899 3438 1219 2428 921 2483 938
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ki: .85

EN Z1 22 Z3 ZA
1 .5163E-12 .8448E-17 .5163E-12 .5163E-12
2 .5043E-01 .5043E-01 .S043E-01 .5043E-01
3 .2500E-27 .2500E-27 .2500E-27 .2500E-27
4 .2667E+01 .2667E+01 .2667E+01 .2667E+01
5 -.1913E+01 -.1913E+01 -.1913E+01 -.1913E+01
6 4190E-12 .6324E-22 .1502E-13 .1013E-14
7 -.1732E+01 -.1732E+01 -.1732E+01 -.1732E+01
8 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
9 -.5000E+00 -.5000E+00 -.5000E+00 -.5000E+00
10 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
201 .1229E-21 .1229E-21 .1229E-21 .1229E-21
202 4898E+02 4898E+02 4898E+02 4898E+02
203 .3197E-13 .6900E-12 .3197E-13 3197E-13
204 .1836E+00 .1836E+00 .1836E+00 .1836E+00
205 .5621E-13 .2705E-17 .5621E-13 .5621E-13
206 .3334E-14 .3334E-14 .3334E-14 .3334E-14
207 .1491E-16 3344E-15 .1491E-16 .1491E-16
208 .1922E-15 .2793E-14 .1922E-15 .1922E-15
209 .7030E-12 .1493E-12 .7030E-12 .7030E-12
210 .2460E+01 .2460E+01 .2460E+01 .2460E+01
211 .6503E-13 3576E-16 .6503E-13 .6503E-13
212 .8223E-15 .3425E-17 .3981E-16 .3981E-16
213 .3199E-18 .8337E-23 .1644E-23 .1644E-23
214 .3286E-C2 .2982E-02 .2826E-02 .2826E-02
215 -.2804E-17 -.5320E-13 -.2804E-17 -.6468E-14
216 .9994E+00 .9994E+00 .9994E+00 .9994E+00
217 -.8000E+00 -.8000E+00 -.8000E+00 -.8000E+00
218 -.6536E-25 -.3433E-25 .5364E-25 .5364E-25
219 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
220 .1000E+01 .1000E+01 .1000E+01 .1000E+01
221 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
222 -.1500E+01 -.1500E+01 -.1500E+01 -.1500E+01
223 -.8340E+00 -.8340E+00 -.8340E+00 -.8340E+00
224 -.3040E+03 -.3040E+03 -.3040E+03 -.3040E+03
225 .2000E+01 .2000E+01 .2000E+01 .2000E+01
226 -.5000E+00 -.5000E+00 -.5000E+00 -.5000E+00
227 .1000E+01 .1000E+01 .1000E+01 .1000E+01
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kl: .85
FN  ofpl ofl nofp2 o2 o3 o3 ofpd
| 57 22 147 52 57 22 57
2 50 21 26 i1 48 21 48
3 19 6 211 70 19 6 19
4 7 2 7 2 7 2 7
5 24 9 24 9 24 9 24
6 23 8 32 11 25 8 25
7 34 13 28 9 30 11 30
8 17 6 17 6 17 6 17
9 32 17 72 25 32 17 29
10 35 12 34 11 35 12 35
201 15 6 15 6 15 6 15
202 44 21 46 17 44 21 44
203 36 13 36 13 36 13 36
204 22 9 25 10 22 9 22
205 42 15 64 23 42 15 42
206 25 10 2 10 25 10 25
207 39 14 72 25 39 14 39
208 119 438 258 93 119 48 119
209 457 186 815 292 457 186 457
210 35 18 35 18 35 18 35
211 77 32 182 65 77 32 77
212 41 16 38 15 42 17 42
213 326 113 907 306 401 138 401
214 107 54 104 49 111 54 111
215 22 7 22 7 22 7 22
216 53 24 63 30 56 25 40
217 25 8 25 8 25 8 25
218 118 39 109 36 64 21 64
219 87 18 81 16 87 18 114
220 190 63 454 151 175 58 214
221 79 26 79 26 79 26 79
222 19 6 19 6 19 6 19
223 30 11 69 24 30 11 33
224 13 4 13 4 13 4 13
225 19 6 19 6 19 6 19
226 27 10 19 6 27 10 27
227 17 6 17 6 17 6 17
ADD 2382 899 4209 1474 2392 901 2442
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EomqomAwwma?

201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227

8

Z1
S5163E-12
.5043E-01
.2500E-27
.2667E+01

-.1913E+01
.2500E-22
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
.1229E-21
4898E+02
.3197E-13
.1836E+00
.5621E-13
.3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.8223E-15
3199E-18
.3286E-G2
-.2804E-17
.9994E+00
-.8000E+00
-.6536E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.5000E+00
.1000E+01

Z2
.5965E-13
.5043E-01
.2500E-27
.2667E+01

-.1913E+01
.2461E-22
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
1226E-21

4898E+02
.2065E-15
.1836E+00
.1052E-13
.3334E-14
.6625E-15
.2651E-11
9018E-03
.2460E+01
.3681FE-15
.1755E-20
.2774E-13
.2672E-02
-.1144E-14
9994E+00
-.8000E+00
-.2055E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.5000E+00
.1000E+01

3
S163E-12
.5043E-01
.2500E-27
.2667E+01

-.1913E+01

.6414E-14

-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01

.1229E-21
4898E+02
3197E-13
.1836E+00
.5621E-13
.3334E-14
.1491E-16
1922E-15
.7030E-12
.2460E+01
6503E-13
.1162E-14
.J644E-23
5394E-02

-.2804E-17

.9994E+00

-.8000E+00

.5364E-25

-.1000E+01

.1000E+01

-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03

.2000E+01

-.5000E+00
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.1000E+01

ZA
5163E-12
.5043E-01
.2500E-27
.2667E+01

-.1913E+01
.1013E-14
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
.1229E-21

A4898E+02
3197E-13
.1836E+00
.5621E-13
.3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.1162E-14
.1644E-23
.5394E-02
-.6468E-14
9994E+00
-.8000E+00
.5364E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.5000E+00
.J000E+01




8

— pum—t
ccoc\louuhuw—a,

) RN R RN RN
ABEON—~OBRIAETAEDIR=

216
217
218
219
220
221
222
223
224
225
226
227
ADD

17

2383
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kl: 95

EN Z1 Z2 3 Z4 .
1 .5163E-12 .2752E-10 5163E-12 5163E-12
2 .5043E-01 .S043E-01 .5043E-01 .5043E-01
3 .2500E-27 A4116E-15 .2500E-27 .2500E-27
4 .2667E+01 .2667E+01 .2667E+01 .2667E+01 )
5 -.1913E+01 -.1913E+01 -.1913E+01 -.1913E+01
6 .2473E-22 J1360E-15 4163E-14 1013E-14
7 -.1732E+01 -.1732E+01 -.1732E+01 -.1732E+01
8 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
9 -.5000E+00 -.5000E+00 -.5000E+00 -.5000E+00
10 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
201 1229E-21 1229E-21 .1229E-21 1229E-21
202 4898E+02 4898E+02 4898E+02 4898E+02
203 3197E-13 3868E-11 3197E-13 3197E-13
204 .1836E+00 .1836E+00 .1836E+00 .1836E+00
205 .5621E-13 .1141E-11 .5621E-13 5621E-13
206 3334E-14 3334E-14 3334E-14 .3334E-14
207 .1491E-16 .1464E-10 .1491E-16 .1491E-16
208 .1922E-15 .2002E-11 .1922E-15 1922E-15
209 .7030E-12 .1959E+00 .7030E-12 .7030E-12
210 .2460E+01 .2460E+01 .2460E+01 .2460E+01
211 .6503E-13 .2964E-11 .6503E-13 .6503E-13
212 .8223E-15 .1306E-09 .2024E-14 .2024E-14
213 3199E-18 .1869E-04 .1644E-23 .1644E-23
214 .3286E-02 .5193E-02 .2615E-02 .2615E-02 .
215 -.2804E-17 -.2950E-13 -.2804E-17 -.6468E-14
216 .9994E+00 .9994E+00 .9994E+00 .9994E+00
217 -.8000E+00 -.8000E+00 -.8000E+00 -.8000E+00
218 -.6536E-25 .1820E-25 .5364E-25 .5364E-25
219 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
220 .1000E+01 .2196E+02 .1000E+01 .1000E+01
221 -.1000E+01 -.1000E+01 -.1000E+01 -.1000E+01
222 -.1500E+01 -.1500E+01 -.1500E+01 -.1500E+01
223 -.8340E+00 -.8340E+00 -.8340E+00 -.8340E+00
224 -.3040E+03 -.3040E+03 -.3040E+03 -.3040E+03
225 .2000E+01 .2000E+01 .2000E+01 .2000E+01
226 -.5000E+00 -.S000E+00 -.5000E+00 -.5000E+00
227 .1000E+01 .1000E+01 .1000E+01 .1000E+01
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kl: .95
: FN  nfpl oft  nfp2 o2 ofp3 o3 nofpd  nfe
1 57 22 339 116 57 22 57 22
2 50 21 28 11 53 22 53 22
. 3 19 6 610 203 19 6 19 6
4 7 2 7 2 7 2 7 2
5 24 9 24 9 24 9 24 9
6 29 10 38 13 25 8 25 8
7 34 13 26 9 33 12 29 10
8 17 6 17 6 17 6 17 6
9 32 17 157 56 32 17 29 16
10 35 12 34 11 35 12 35 12
201 15 6 15 6 15 6 15 6
202 44 21 82 33 4 21 44 21
203 36 13 75 26 36 13 36 13
204 22 9 28 11 22 9 22 9
205 42 15 90 31 42 15 42 15
206 25 10 25 10 25 10 25 10
207 39 14 144 49 39 14 39 14
208 119 48 508 175 119 48 119 48
209 457 186 916 315 457 186 457 186
210 35 18 35 18 35 18 35 18
211 77 32 379 130 77 32 77 32
212 41 16 47 18 42 17 42 17
213 326 113 907 306 401 138 401 138
214 107 54 109 48 113 60 113 60
215 22 7 19 6 22 7 22 7
216 45 20 84 37 45 20 40 17
217 25 8 25 8 25 8 25 8
218 118 39 163 54 64 21 64 21
219 87 18 81 16 87 18 114 25
220 193 64 900 299 175 58 217 72
221 79 26 79 26 79 26 79 26
222 19 6 19 6 19 6 19 6
223 30 11 115 40 30 11 33 14
224 13 4 13 4 13 4 13 4
225 19 6 19 6 19 6 19 6
226 28 11 20 7 27 10 27 10
227 17 6 17 6 17 6 17 6

ADD 2384 899 6194 2127 2391 904 2451 922
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210
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212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227

Z1
.S5163E-12
.5043E-01
.2500E-27
.2667E+01

- 1913E+01
.2115E-22
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
.1229E-21

.4898E+02
3197E-13
.1836E+00
.5621E-13
.3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.8223E-15
.3199E-18
.3286E-02
-.2804E-17
.9994E+00
-.8000E+00
-.6536E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.5000E+00
.1000E+01

22
.1349E-02
.5043E-01
9881E-03
.2667E+01

-.1913E+01
.5284E-10
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
.1229E-21

4898E+02
1731E-09
.1836E+00
.1590E-08
.3334E-14
4478E-08
.5404E+00
.2355E+01
.2460E+01
.6417E-02
.8413E-18
.1425E+03
3777E-02
-.5985E-17
9994E+00
-.8000E+00
-.3105E-26
-.1000E+01
.3024E+02
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.S000E+00
.1000E+01

Z3
S163E-12
.5043E-01
.2500E-27
.2667E+01

-.1913E+01

.3410E-14

-.1732E+01
-.1000E+01

.S000E+00

-.1000E+01
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.1229E-21
4898E+02
3197E-13
.1836E+00
.5621E-13
3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.2539E-14
.1644E-23
.3744E-02
.2804E-17
.9994E+00
.8000E+00
.5364E-25
.1000E+01
.1000E+01
.1000E+01
.1500E+01
.8340E+00
.3040E+03
.2000E+01
.5000E+00
.1000E+01

24
S5163E-12
.5043E-01
.2500E-27
.2667E+01

-.1913E+01
1013E-14
-.1732E+01
-.1000E+01
-.5000E+00
-.1000E+01
.1229E-21

A898E+02
3197E-13
.1836E+00
.5621E-13
3334E-14
.1491E-16
.1922E-15
.7030E-12
.2460E+01
.6503E-13
.2539E-14
.1644E-23
.3744E-02
-.6468E-14
.9994E+00
-.8000E+00
.5364E-25
-.1000E+01
.1000E+01
-.1000E+01
-.1500E+01
-.8340E+00
-.3040E+03
.2000E+01
-.S000E+00
.1000E+01




kl: 1.

L XN NE RN -

10
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227

ADD

nfpl  nfl nfp2  nf2 nfpd  nf3 nfpd  nfd
57

22 905 304 57 22 57 22

50 21 28 11 59 24 59 24
19 6 900 299 19 6 19 6
7 2 7 2 7 2 7 2
24 9 24 9 24 9 24 9
29 10 71 24 25 8 25 8
34 13 29 10 32 13 30 11
17 6 17 6 17 6 17 6
32 17 622 207 32 17 29 16
35 12 34 11 35 12 35 12
15 6 15 6 15 6 15 6
44 21 130 45 44 21 44 21
36 13 114 39 36 13 36 13
22 9 31 12 22 9 22 9
42 15 283 96 42 15 42 15
25 10 25 10 25 10 25 10
39 14 432 145 39 14 39 14
119 48 906 305 119 48 119 48
457 186 910 309 457 186 457 186
35 18 35 18 35 18 35 18
77 32 906 305 77 32 77 32
41 16 43 16 42 17 42 17
326 113 907 306 401 138 401 138
107 54 86 41 92 47 92 47
22 7 16 5 22 7 22 7
41 18 157 62 45 20 51 22
25 8 25 8 25 8 25 8
118 39 352 117 64 21 64 21
87 18 86 17 87 18 114 25
193 64 900 299 175 58 254 87
79 26 79 26 79 26 79 26
19 6 19 6 19 6 19 6
30 11 271 94 30 11 33 14
13 4 13 4 13 4 13 4
19 6 19 6 19 6 19 6
27 10 16 5 27 10 27 10
17 6 17 6 17 6 17 6
2379 896 9430 3191 2375 894 2485 932
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